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Motion planning 

Find shape inputs to move system between two 
configurations 



Motion Planning 

Given the local connection, could we just define 
a path through the world, and then use 

 

(inverse kinematics with a matrix pseudoinverse) 
to determine the shape trajectories? 



Motion Planning 

Inverse kinematics not always sufficient: 

2. Singularities, Sinks, and Joint limits: what’s wrong with these? 

1. Constrained directions – only 
certain paths are admissible  

Kinematic snake can’t pass through singularities at “C” shapes Three-link swimmer can’t move laterally from this shape 

General motion planning needs “look ahead” to workaround these problems 



Motion Planning 

• Full optimal control requires solving whole path 
at once (respecting constraints, limits, etc.) 
 

• Maneuver-based planning precalculates short 
paths that 

 1. Avoid joint limits and singularities 

 2. Displace the system in some “useful” manner 

 3. Can be concatenated together to form a   
 longer motion plan 



Gaits 

Gaits are cyclic motions in the shape space 

Cyclic nature makes them inherently composable 



Nonconservativity and Noncommutativity 

Kinematic gaits operate on two basic principles: 

 

• Nonconservatvity: System pulls itself forward 
more than it pushes itself backward each cycle 

 

• Noncommutativity: System rotates during the 
course of the gait, so forward and backward 
motions do not directly cancel 



Nonconservativity Example 

Gait “flows against” field more than it “flows with” it, and thus has net negative rotation. 



Stokes’s Theorem  
(vector calculus version) 

Line integral of a closed path on a vector field is equal to the area integral of 
the field’s curl  



Curl 

Curl is sometimes described as “how 
much the vector field is ‘rotating’ 
around a point” 

Magnitude also comes in 
here, so this description 
can be somewhat 
confusing 

Another way to think of it is “the 
derivatives of the vector components 
along orthogonal directions in the 
space” 

Around a cycle, line integrals on top 
right and bottom left fields will 
cancel, but those on top left and 
bottom right will not. Curl measures 
this non-canceling 



Curl and the Floating Snake 

– 

+ 

Encircling a region of negative curl means floating snake rotates negatively 

curl  



Noncommutativity 

Car cannot move sideways, but, 
because translations and rotations 
do not commute, it can “parallel 
park” to get a net lateral motion 

curl  curl  

None of this shows up in the curl 



Lie Brackets 

Lie bracket measures how vector fields change along each other 
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Where necessary, musical notation [1] is used to denote the relat ionship between k-forms

and their vector-calculus duals, with ω = v representing a conversion from a one-form to a

vector field, and v = ω the conversion from vectors to one-forms. Similarly, the Hodge star

operator provides the mathematical structure for representing a different ial area (a two-form)

by its normal vector (a one-form), as (∗ω) .

The exterior derivative dω of a k-form ωmeasures how each component of ω changes in

direct ionsnormal to that component, and is itself a k+ 1-form. For theexamplesweconsider in

thispaper, which arerestricted to k-forms over two-dimensional spaces, theexterior derivat ive

is intuit ively linked to two common vector operat ions– gradient and curl. Thegradient vector

field of a funct ion (zero-form) is the dual to the funct ion’s exterior derivat ive; likewise, the

curl of a two-dimensional vector field is the corresponding one-form’s exterior derivat ive.2

Two important classificat ions of different ial formsareclosed and exact. Closed formshave

null exterior derivat ives, dω = 0, and exact forms are themselves the exterior derivat ives of

other forms, ω= dωa. An especially useful result from different ial geometry [1] is that exact

forms are automatically closed, d(dω) = 0, which is equivalent to saying that the curl of a

gradient field is always zero (and thus that gradient fields are conservat ive). We will return

to this point in our discussion of opt imal coordinates.

Stokes’s theorem. Stokes’s theorem [6] equates the integral of a different ial k-form ωalong

a closed k-dimensional manifold ∂Ω on a space U to the integral of the exterior derivat ive of

that k-form over a k + 1-dimensional manifold Ω bounded by the original manifold,
ˆ

∂Ω
ω(u) du =

ˆ

Ω
dω(u) du. (3.1)

In two dimensions and with ωa one-form, the surfaceΩ is simply the region of U enclosed

by the closed curve ∂Ω, and (3.1) specializes to the simple area integral
‰

∂Ω

ω(u) du =

¨

Ω

∂ω2

∂u1
−
∂ω1

∂u2
du1 du2. (3.2)

This equation is commonly encountered as “Green’s theorem” in vector calculus, where it is

described as equating a line integral along a closed loop on a vector field with an area integral

of the field’s curl.

Lie bracket of vector fields. The Lie bracket [29] of two vector fields X and Y measures

their rates of change with respect to each other. For fields defined on an n-dimensional space

U, the Lie bracket is a vector field defined as

[X , Y] = (∇ Y ·X ) − (∇ X ·Y), (3.3)

or componentwise as

[X , Y]i =

n

j = 1

x j ∂yi

∂uj
− yj ∂x i

∂uj
= − [Y, X ]i . (3.4)

2 In three dimensions, the exterior derivat ive has three magnitude components, corresponding to a three-

dimensional curl vector field (created via the Hodge star operator). In four or more dimensions, the number of

components in the exterior derivat ive cont inue to grow as (n2 − n)/ 2, even though the curl is undefined. These

cases are, however, outside the scope of the present work.

Lie bracket 
Directional derivative 

of Y along X 
Directional derivative 

of X along Y 

Output of the Lie bracket of two vector fields is a vector field.  
 
At each point, differentially flowing along X, Y, -X, and –Y (in order) is equivalent to 
differentially flowing along [X,Y] 
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There are several applicat ions of the Lie bracket in the context of control systems, but the

interpretat ion most germane to the present work is that flowing different ially along X , Y,

−X , and −Y is equivalent to flowing different ially along [X , Y ].

A special definit ion of theLiebracket applies to elementsof theLiealgebra g corresponding

to a Lie group G. In this case, the Lie bracket of two vectors u, v ∈ g is the Lie bracket of the

two left-invariant vector fields on G generated by applying the left lifted act ion to u and v,

[u, v] ≡ [TeLgu, TeLgv]
g= e

. (3.5)

Hodge-Helmholtz decomposition. The fundamental theorem of calculus states that for a

one-dimensional funct ion, if we know dy/ dx as a funct ion of x, then we know y(x) up to a

constant of integrat ion. Expansions of this principle to higher dimensions lead to the fun-

damental theorem of vector calculus, which, among other results, states that if we know the

gradient of a funct ion, we know the funct ion up to the addit ion of a scalar, and that if we

know the curl of a vector field, we know the vector field up to the addit ion of a gradient

(conservat ive) field. In terms of different ial forms, both these statements are aspects of a

more general theorem that states that if we know the exterior derivat ive dωof a form ω, then

we know ω up to the addit ion of a closed form.

In single-variable calculus, many funct ions have canonical ant i-derivat ives, such as
´

cos =

sin, to which the constant of integrat ion is added. Similarly, it is often useful to designate

a core form Ω as the anti-exterior-derivat ive of a form ω. This separat ion is achieved by

the Hodge decomposition [3], referred to as the Helmholtz decomposition in vector calculus

contexts. The Hodge-Helmholtz decomposit ion splits a k-form ω into three components,

ω= dA + δB + C, (3.6)

where dA is an exact, and therefore closed, k-form (corresponding to a curl-free vector field),

δB isa k-form orthogonal to theset of closed k-forms(a divergence-freefield in vector calculus),

and Cis a harmonic remainder (sat isfying boundary condit ions), generally much smaller than

either of the first two components. Drawing on the propert ies that d(dA) = 0 and that the

exterior derivat ive is a linear operator, we can see that as

dω= d(δB + C), (3.7)

dω isunaffected by thechoiceof A and that dA thusacts similarly to a constant of integrat ion

when determining ω from dω.

ThedA term is the project ion of ωonto the space of conservat ive k-forms. For one-forms,

the sum δB + C therefore has the interest ing property of being the smallest one-form with an

exterior derivat ive equal to that of ω,

argmin
dω = dω

(
´
Ω ω 2) = ω− dA = δB + C, (3.8)

where the “size” of ω is its squared norm integrated over the domain. In [13,14], we demon-

strated a useful correspondencebetween this sum (which, due to the relat ively small contribu-

t ion of C, we refer to as the “divergence free component” for brevity) and an opt imal choice of

coordinates for locomotion analysis, and presented a numerical algorithm for finding it over a

finite domain, based on that in [9]. In §6, we examine this applicat ion more closely, and from

a different ial geometric standpoint.

When we have a Lie group, we can talk about the Lie bracket of two vectors u,v in TeG as 
meaning the Lie bracket of their left-invariant fields, evaluated at the origin 

When we do this, we are treating TeG as the Lie algebra of the group 



Lie bracket on SE(2) 
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(a) World velocity (b) Body velocity (c) Alternate interpreta-

t ion of body velocity

Figure 4.1: Three representat ionsof thevelocity of a robot . The robot , represented by the t riangle, is t ranslat ing

up and to the right while spinning counterclockwise. In (a), t he world velocity, ġ, is measured with respect

to the global frame. The body veloci ty, ξ, in (b) is the velocity represented in the robot ’s instantaneous local

coordinate frame. The body velocity is actually calculated by t ransport ing the body back to the origin frame,

as in (c), but by symmet ry this is equivalent to bringing the world frame to the system.

Table 4.1: Interpretat ions of elements of TeG, as used in this paper.

Symbol Meaning First Introduced

ξ Body velocity §4.1

z Exponent ial coordinates §4.1

ζ Body velocity integral §5.2.1

ζ̄ Corrected body velocity integral §5.2.2

g = exp (z) of a vector z ∈ se(2) finds the net displacement of a system start ing at the origin

and moving with body velocity ξ = z for one unit of t ime, and takes the form

(x, y) =

(zx , zy ), for zθ = 0

1

zθ
sin zθ 1− coszθ

coszθ − 1 sin zθ
zx

zy , for zθ = 0

θ = zθ.

(4.5)

Theelements of z are theexponential coordinates corresponding to g. Note that both thebody

velocity and exponent ial coordinates are elements of the tangent space of the body frame,

but have different physical interpretat ions. In the following discussion, we will maintain the

orthographic dist inct ion between these quant it ies, summarized in Table 4.1, adding two more

interpretat ions in §5.2.

The Lie bracket of two vectors u, v ∈ se(2) for an SE(2) system finds the net effect of

moving different ially in the u, v,− u,− v direct ions and is calculated as

ux

uy

uθ
,

vx

vy

vθ
=

vθuy − uθvy

uθvx − vθux

0

, (4.6)

Lie group Lie bracket 

SE(2) Lie bracket 



Lie Bracket and the Car 

Differential drive car 

Drive forward Turn in place 
Drive+, turn+, drive- 
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ux

uy

uθ
,

vx
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=

vθuy − uθvy
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This is called (Lie bracket) averaging – if 
you alternate between differentially 
moving forward/backward and rotating 
cw/ccw, on average you move laterally 



Reminder 

• Controllability: we have a set of inputs that 
can move the system in any direction.  

 

• Distribution: A set of vector fields along which 
a system can move 



1. Controlability: Nonholonomically-constrained systems by definition cannot 
instantaneously move in some directions: their distributions do not span their configuration 
spaces 
 
If we take a distribution  
 
D={V1,V2}  
 
and find that the Lie bracket [V1,V2] is outside the span of D, we can combine D with the Lie 
bracket field to make a new distribution  
 
D’={V1,V2, [V1,V2]}  
 
whose span is one dimension higher, and represents the directions the system can move 
either with a differential control input or with a first order oscillation of the controls. In some 
cases, we can further expand the distribution with higher-order Lie brackets, e.g., 
 
D’’ = {V1,V2, [V1,V2], [V1, [V1,V2]]} 
 

Importance of Lie brackets 



Controlability (cont’d) 
 

D={V1,V2}  
 
D’={V1,V2, [V1,V2]}  
 
D’’ = {V1,V2, [V1,V2], [V1, [V1,V2]]} 
 
INVOLUTIVE DISTRIBUTION: 
 
If we reach a point where we can’t add dimensions by taking more Lie brackets, this is an 

involutive distribution: it describes the full set of directions in which the system can 
move differentially.  

 
a distribution in which the Lie Bracket of any two elements is in the span of the distribution 
 
 
If a system’s involutive distribution spans the whole configuration space, then the system is 

said to be controllable – we have a set of inputs that can move the system in any 
direction. (Note that in general there will be more efficient/effective ways to move the 
system in non-primary directions, controllability is a proof of existence) 

Importance of Lie brackets 



2. Relationship to gaits. 

Importance of Lie brackets 

are associated with unit shape velocities, 
and so their Lie bracket corresponds to the 
motion produced by a differential 
oscillation in the shape space (i.e. a 
differential gait) 



Lie Brackets and Exponential Maps 
Lie bracket gives us average velocity of the system: moving for dt along each of u, v, 
-u, and -v is equivalent to moving for dt along [u,v]. (note that the total “time” in 
the cycle is different from the “flow time” along the Lie bracket field). 
 
Note average velocity is a body-frame velocity (a direction and speed) and not a 
displacement 

To get the displacement over the cycle, 
we can exponentiate this velocity: 

Here, [u,v]dt gives the exponential coordinates of the 
net displacement  
 
we will denote such exponential coordinates as z. 

Also note that if we scale u or v, we proportionally increase the displacement 

Note: still making small angle approximations 



Lie Bracket and Larger Motions 

One of the nice things about thinking of Lie 
bracket motions as differential gaits is that it 
gives us intuition as to how the system will 
move over larger gaits: Two differential cycles 
are equivalent to their combined perimeter if 
the overlapping edges cancel out.  
 
This gives us an area rule: over a larger gait, 
magnitude of average flow field is the area 
integral of the Lie bracket over the region 
enclosed by the gait 

Note that here there is a small-angle 
condition on this assumption, and we 
are also assuming that local connection 
is constant (and thus that input fields 
are left invariant) 
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ux

uy

uθ
,

vx

vy

vθ
=

vθuy − uθvy

uθvx − vθux

0

, (4.6)

This rule is consistent with the Lie 
bracket as a bilinear operator – it 
scales linearly with u  and v. 

Example: Increasing forward translation and 
rotation each linearly increases the lateral 
translation 



Nonconservativity Noncommutatvity 
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a closed k-dimensional manifold ∂Ω on a space U to the integral of the exterior derivat ive of
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ω(u) du =

ˆ
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dω(u) du. (3.1)

In two dimensions and with ωa one-form, the surfaceΩ is simply the region of U enclosed

by the closed curve ∂Ω, and (3.1) specializes to the simple area integral
‰

∂Ω

ω(u) du =

¨

Ω

∂ω2

∂u1
−
∂ω1

∂u2
du1 du2. (3.2)

This equation is commonly encountered as “Green’s theorem” in vector calculus, where it is

described as equating a line integral along a closed loop on a vector field with an area integral

of the field’s curl.

Lie bracket of vector fields. The Lie bracket [29] of two vector fields X and Y measures

their rates of change with respect to each other. For fields defined on an n-dimensional space

U, the Lie bracket is a vector field defined as

[X , Y] = (∇ Y ·X ) − (∇ X ·Y), (3.3)

or componentwise as

[X , Y]i =

n

j = 1

x j ∂yi

∂uj
− yj ∂x i

∂uj
= − [Y, X ]i . (3.4)

2 In three dimensions, the exterior derivat ive has three magnitude components, corresponding to a three-

dimensional curl vector field (created via the Hodge star operator). In four or more dimensions, the number of

components in the exterior derivat ive cont inue to grow as (n2 − n)/ 2, even though the curl is undefined. These

cases are, however, outside the scope of the present work.

– 
+ 

curl  

Curl and Lie bracket look very similar. Up next, we combine them into a single concept 



Combining Nonconservativity and 
Noncommutativity 

Example: Kinematic snake 
combines both effects  
1. curl of the connection 

vector field means the 
system moves forward more 
than backward, 

2. noncommutativity means it 
also moves laterally 



Combining Nonconservativity and 
Noncommutativity 

Is it legitimate to just add nonconservative and noncommutative 
elements together? 

Yes (as an approximation) 

Exponential coordinates (average velocity for normalized time) of net displacement over 
a cycle are in general 
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We can simplify the rather ungainly expressions in (5.3) and (5.4) in the following manner:

First , we focus our attent ion only on the ġ term in the lower half of the equat ion. Second,

we take g0 = e, such that (5.3) gives the averaged velocity in the body frame of the system,

thereby eliminat ing the TeLg0 term. Finally, we note that as A 1 and A 2 are both elements

of TeG, they are elements of g, and we can use (3.5) to make the lifted act ions inside the Lie

bracket implicit , as described in §3.2. These three changes reduce the lower halves of (5.3)

and (5.4) to

A (r )ṙ1, A (r )ṙ2
r 0

= − dA + A 1, A 2 (r0), (5.5)

in which the right-hand expression is the local curvature of A at r0, denoted as DA (r0) [26].

An expanded treatment of this derivat ion is given in the Appendix.

5.2. The Body Velocity Integral (BVI) and the Corrected Body Velocity Integral

(cBVI). For larger-amplitude (i.e. non-different ial) gaits, Radford and Burdick [33] have

shown that the exponent ial coordinates z(T) for the net displacement over a gait φ can be

approximated as

z(φ) =

¨

φa

− dA dr1 dr2 +

¨

φa

[A 1, A 2] dr1 dr2 + higher-order terms , (5.6)

whereφa is the oriented region of M enclosed by φ, and the two integrands sum to the right-

hand side of (5.5). The expression in (5.6) is of an especially useful form, as the first two

terms are both area integrals over the region of the shape space enclosed by the gait . By

plot t ing either the first integrand [13, 37] or the sum of the two integrands [4, 26], we can

visualize the locomotion capabilit ies of the system over arbit rary choices of gait . This not ion

plays a key role in the results of this paper, but before we examine it in more depth, we make

an aside to supply some insight as to the form of (5.6). In previous works, this equat ion

has only been presented as result ing from the straight forward applicat ion of calculus to the

Magnus expansion for a Lie group [21], but examining the components individually provides

strong intuit ion as to their provenance and links them direct ly to the noncommutat ivity and

nonconservat ivity of the system dynamics.

To ground this discussion, we refer to the example kinematic snake gaits overlayed on

the connect ion vector fields and their derivat ives in Fig. 5.1(a). As discussed in [13, 14],

the counterclockwise circular path through the shape space in Fig. 5.1(a) corresponds to an

image-family of gaits (one gait per start ing point on the curve), for which the result ing locus
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5.2.1. Body Velocity Integral. Previously, wehaveshown [11,13,14] that thefirst integral

in (5.6) produces the body velocity integral (BVI), ζ of the system over φ. The BVI describes

the net “ forward minus backward” motion of the system over the gait in each body direct ion,

ζ(T) =

ˆ T

0

ξ(t) dt = −

ˆ

φ

A (r ) dr = −

¨

φa

dA dr1 dr2, (5.7)

d is the exterior derivative, 
which is like the curl, but more 
technically correct for talking 
about covectors 

[A1,A2] is the local Lie bracket, 
as if A did not change with r 

Higher order terms are linearizaton error in 
local Lie bracket, and noncommutativity 
interacting with nonconservativity 
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Full Lie bracket on the configuration space 

Conditions we can apply for these shape inputs: 
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as displacements [15]. We are also considering the the nature of opt imal coordinates in three

dimensions, and for systems in new physical regimes, such as the sand-swimmer in [22].

Appendix A. Derivat ion of the Local Curvature.

The expression for the local curvature of the connect ion in (5.5) was presented in [26],

based on earlier work in [24]. To the best of our knowledge, however, the relat ionship between

this curvature and the Lie bracket in (5.3) has not been explicit ly shown in modern notat ion.

Here, we offer a derivat ion linking the two expressions, i.e., showing that

ṙ1

− TeL gA (r )ṙ 1
,

ṙ2

− TeL gA (r ) ṙ2 q0

=
0

− dA + A 1, A 2 (r0)
. (A.1)

First , a general Lie bracket in which the vector components can be grouped into two

subvectors, i.e., of the form

[q̇1, q̇2] =
ṙ 1

ġ1
,

ṙ2

ġ2
, (A.2)

can be evaluated by applying the Lie bracket formula in (3.4) blockwise to (A.2), producing

the expression

ṙ 1

ġ1
,

ṙ2

ġ2 (r 0 ,g0 )

=

∂ ṙ2

∂r
ṙ1 −

∂ ṙ1

∂r
ṙ2 +

∂ ṙ 2

∂g
ġ1 −

∂ ṙ1

∂g
ġ2

∂ ġ2

∂r
ṙ1 −

∂ ġ1

∂r
ṙ2 +

∂ ġ2

∂g
ġ1 −

∂ ġ1

∂g
ġ2

(r 0 ,g0)

. (A.3)

Second, for the problem at hand we are considering a pair of vector fields in which the ṙ

vectors are each a unit vector aligned with the chosen basis, and so have components (using

Kronecker delta notat ion),

ṙ
j
i = δi j . (A.4)

The posit ion vectors in the vector fields are funct ions of the shape velocity,

ġi = − TeL gA (r ) ṙ i = − TeL gA i (r ), (A.5)

where the final equality is due to the i th shape velocity serving to select the i th column of

the local connect ion.

Given these two definit ions, the part ial derivat ives of the shape velocity fields are clearly

zero,

∂ ṙ i

∂r
= 0 and

∂ ṙ i

∂g
= 0, (A.6)

as they are constant fields. The posit ion velocity fields’ derivat ives with respect to the shape

fields can be found by applying the product rule for different iat ion,

−
∂ ġi

∂r (r 0 ,g0 )

=
∂ TeL gA i (r )

∂r (r 0 ,g0)

=
∂ TeL g

∂r
A i (r0) + TeL g0

∂A i (r )

∂r
, (A.7)

Differential cycle in the shape space is  
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find ṙ (t) = −A − 1(r (t))ġ(t), and then integrat ing ṙ (t) over t ime produces the necessary shape

change. Thisapproach, however, doesnot in general work over long t imescales in thepresence

of nonholonomic constraints (which place certain ġ vectors outside of the span of A ) or joint

limits (which prevent the execut ion of certain ṙ vectors).

Gait-based approaches providean attract ive solut ion to thepath planning problems posed

by these constraints. Rather than specifying a path through posit ion space and dictat ing that

the system rigidly follow this path, a motion planner can design gaits with a range of net

displacements and then choose among them to build a motion plan that “ on average” follows

a specified path. This raises the quest ion, then, of how to design useful gaits. A predominant

means of answering this quest ion is the use of averaging techniques, which are related to the

Lie bracket . Here, we will briefly review several such averaging techniques, while drawing

connect ions between them that have not previously been made explicit .

5.1. Lie Brackets and the Local Connect ion. A gait with very small amplitude in the

shape space can be considered as a different ial oscillat ion of the shape, and the net motion re-

sult ing from such an input can befound by theuseof Lie brackets. For a specified input shape

velocity ṙ , a system at configurat ion q0 = (r0, g0) has posit ion velocity ġ = −TeLg0 A (r0)ṙ .

Moving with this velocity can be interpreted as flowing along the vector field X (q) defined

over the configurat ion space as

X (q) =
ṙ

−TeLgA (r )ṙ
. (5.2)

If we define two unit-magnitude input shape velocit ies as ṙ1 = [1 0]T and ṙ2 = [0 1]T , then

the Lie bracket
ṙ1

−TeLgA (r )ṙ1
,

ṙ2

−TeLgA (r )ṙ2 q0

, (5.3)

gives the average velocity vector achieved by different ially flowing along the vector fields

defined by ṙ1, ṙ2, − ṙ1, and − ṙ2 in order, i.e. different ially oscillat ing the shape around q0.4

The structure of the configurat ion space gives the Lie bracket in (5.3) a natural second

representat ion,

0

TeLg0 − dA (r0) + TeLg− 1
0 gA 1(r0), TeLg− 1

0 gA 2(r0)
(5.4)

where A i is the i th column of A and dA is its exterior derivat ive with respect to ṙ1 and

ṙ2. Note that in the Lie bracket in (5.3), A varies with r , but that in the Lie bracket term

in (5.4), it is held to its value at r0. In subsequent discussion, we will refer to this lat ter

form as the local Lie bracket. The top half of (5.4) is null, reflect ing that a cyclic motion in

M by definit ion causes no net change in those coordinates. In the bottom half, the exterior

derivat ive and local Lie bracket terms respect ively represent how the system dynamics change

with the shapeand with mot ion through the posit ion space, in a blockwise applicat ion of (3.4)

to (5.3)

4Although we use coordinates here, the results hold for any select ion of independent ṙ 1 and ṙ 2 vectors and

so we do not incur any loss of generality.
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ṙ1

ġ1
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ṙ2

ġ2
, (A.2)

can be evaluated by applying the Lie bracket formula in (3.4) blockwise to (A.2), producing

the expression

ṙ1

ġ1
,

ṙ 2

ġ2 (r 0 ,g0 )

=

∂ ṙ2

∂r
ṙ 1 −

∂ ṙ 1

∂r
ṙ2 +

∂ ṙ2

∂g
ġ1 −

∂ ṙ1

∂g
ġ2

∂ ġ2

∂r
ṙ 1 −

∂ ġ1

∂r
ṙ2 +

∂ ġ2

∂g
ġ1 −

∂ġ1

∂g
ġ2

(r 0 ,g0)

. (A.3)

Second, for the problem at hand we are considering a pair of vector fields in which the ṙ

vectors are each a unit vector aligned with the chosen basis, and so have components (using

Kronecker delta notat ion),

ṙ
j
i = δi j . (A.4)

The posit ion vectors in the vector fields are funct ions of the shape velocity,

ġi = − TeL gA (r ) ṙ i = − TeL gA i (r ), (A.5)

where the final equality is due to the i th shape velocity serving to select the i th column of

the local connect ion.

Given these two definit ions, the part ial derivat ives of the shape velocity fields are clearly

zero,

∂ ṙ i

∂r
= 0 and

∂ ṙ i

∂g
= 0, (A.6)

as they are constant fields. The posit ion velocity fields’ derivat ives with respect to the shape

fields can be found by applying the product rule for different iat ion,

−
∂ ġi

∂r (r 0 ,g0 )

=
∂ TeL gA i (r )

∂r (r 0 ,g0)

=
∂ TeL g

∂r
A i (r 0) + TeL g0

∂A i (r )

∂r
, (A.7)

and 

(shape  input vector field components are constant) 
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ġ2
, (A.2)

can be evaluated by applying the Lie bracket formula in (3.4) blockwise to (A.2), producing

the expression

ṙ1
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ṙ1 −

∂ ṙ1
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∂ġ1

∂g
ġ2
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ṙ
j
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where the final equality is due to the i th shape velocity serving to select the i th column of
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zero,

∂ ṙ i

∂r
= 0 and

∂ ṙ i
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= 0, (A.6)

as they are constant fields. The posit ion velocity fields’ derivat ives with respect to the shape

fields can be found by applying the product rule for different iat ion,

−
∂ġi

∂r (r 0 ,g0)

=
∂ TeLgA i (r )

∂r (r 0 ,g0)

=
∂ TeLg

∂r
A i (r0) + TeLg0

∂A i (r )

∂r
, (A.7)

(TeLg is independent of r) 
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and not ing that TeLg is independent of r , so

−
∂ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shape velocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0 term

from each subexpression in the bot tom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0
−

∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0

LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0 LgA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1, A 2](r0), (A.15)

(A is independent of g) 

Top half of full Lie bracket is thus zero, 
which makes sense: over a cycle in the 
shape space, there should be no residual 
change of shape 



Derivation, continued 
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find ṙ (t) = −A − 1(r (t))ġ(t), and then integrat ing ṙ (t) over t ime produces the necessary shape

change. Thisapproach, however, doesnot in general work over long t imescales in thepresence

of nonholonomic constraints (which place certain ġ vectors outside of the span of A ) or joint

limits (which prevent the execut ion of certain ṙ vectors).

Gait-based approaches providean attract ive solut ion to thepath planning problems posed

by these constraints. Rather than specifying a path through posit ion space and dictat ing that

the system rigidly follow this path, a motion planner can design gaits with a range of net

displacements and then choose among them to build a motion plan that “ on average” follows

a specified path. This raises the quest ion, then, of how to design useful gaits. A predominant

means of answering this quest ion is the use of averaging techniques, which are related to the

Lie bracket . Here, we will briefly review several such averaging techniques, while drawing

connect ions between them that have not previously been made explicit .

5.1. Lie Brackets and the Local Connect ion. A gait with very small amplitude in the

shape space can be considered as a different ial oscillat ion of the shape, and the net motion re-

sult ing from such an input can befound by theuseof Lie brackets. For a specified input shape

velocity ṙ , a system at configurat ion q0 = (r0, g0) has posit ion velocity ġ = −TeLg0 A (r0)ṙ .

Moving with this velocity can be interpreted as flowing along the vector field X (q) defined

over the configurat ion space as

X (q) =
ṙ

−TeLgA (r )ṙ
. (5.2)

If we define two unit-magnitude input shape velocit ies as ṙ1 = [1 0]T and ṙ2 = [0 1]T , then

the Lie bracket
ṙ1

−TeLgA (r )ṙ1
,

ṙ2

−TeLgA (r )ṙ2 q0

, (5.3)

gives the average velocity vector achieved by different ially flowing along the vector fields

defined by ṙ1, ṙ2, − ṙ1, and − ṙ2 in order, i.e. different ially oscillat ing the shape around q0.4

The structure of the configurat ion space gives the Lie bracket in (5.3) a natural second

representat ion,

0

TeLg0 − dA (r0) + TeLg− 1
0 gA 1(r0), TeLg− 1

0 gA 2(r0)
(5.4)

where A i is the i th column of A and dA is its exterior derivat ive with respect to ṙ1 and

ṙ2. Note that in the Lie bracket in (5.3), A varies with r , but that in the Lie bracket term

in (5.4), it is held to its value at r0. In subsequent discussion, we will refer to this lat ter

form as the local Lie bracket. The top half of (5.4) is null, reflect ing that a cyclic motion in

M by definit ion causes no net change in those coordinates. In the bottom half, the exterior

derivat ive and local Lie bracket terms respect ively represent how the system dynamics change

with the shapeand with mot ion through the posit ion space, in a blockwise applicat ion of (3.4)

to (5.3)

4Although we use coordinates here, the results hold for any select ion of independent ṙ 1 and ṙ 2 vectors and

so we do not incur any loss of generality.
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and not ing that TeLg is independent of r , so

−
∂ ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shape velocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0 term

from each subexpression in the bottom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0 −
∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0 LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0 LgA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1, A 2](r0), (A.15)
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as displacements [15]. We are also considering the the nature of opt imal coordinates in three

dimensions, and for systems in new physical regimes, such as the sand-swimmer in [22].

Appendix A. Derivat ion of the Local Curvature.

The expression for the local curvature of the connect ion in (5.5) was presented in [26],

based on earlier work in [24]. To the best of our knowledge, however, the relat ionship between

this curvature and the Lie bracket in (5.3) has not been explicit ly shown in modern notat ion.

Here, we offer a derivat ion linking the two expressions, i.e., showing that

ṙ 1

− TeL gA (r ) ṙ1
,

ṙ2

− TeL gA (r )ṙ2 q0

=
0

− dA + A 1, A 2 (r0)
. (A.1)

First , a general Lie bracket in which the vector components can be grouped into two

subvectors, i.e., of the form

[q̇1, q̇2] =
ṙ1

ġ1
,

ṙ2

ġ2
, (A.2)

can be evaluated by applying the Lie bracket formula in (3.4) blockwise to (A.2), producing

the expression

ṙ1

ġ1
,

ṙ 2

ġ2 (r 0 ,g0 )

=

∂ ṙ2

∂r
ṙ 1 −

∂ ṙ1

∂r
ṙ2 +

∂ ṙ2

∂g
ġ1 −

∂ ṙ1

∂g
ġ2

∂ ġ2

∂r
ṙ1 −

∂ ġ1

∂r
ṙ2 +

∂ ġ2

∂g
ġ1 −

∂ ġ1

∂g
ġ2

(r 0 ,g0)

. (A.3)

Second, for the problem at hand we are considering a pair of vector fields in which the ṙ

vectors are each a unit vector aligned with the chosen basis, and so have components (using

Kronecker delta notat ion),

ṙ
j
i = δi j . (A.4)

The posit ion vectors in the vector fields are funct ions of the shape velocity,

ġi = − TeL gA (r ) ṙ i = − TeL gA i (r ), (A.5)

where the final equality is due to the i th shape velocity serving to select the i th column of

the local connect ion.

Given these two definit ions, the part ial derivat ives of the shape velocity fields are clearly

zero,

∂ ṙ i

∂r
= 0 and

∂ ṙ i

∂g
= 0, (A.6)

as they are constant fields. The posit ion velocity fields’ derivat ives with respect to the shape

fields can be found by applying the product rule for different iat ion,

−
∂ ġi

∂r (r 0 ,g0 )

=
∂ TeL gA i (r )

∂r (r 0 ,g0)

=
∂ TeL g

∂r
A i (r0) + TeL g0

∂A i (r )

∂r
, (A.7)
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and noting that TeLg is independent of r , so

−
∂ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shapevelocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0 term

from each subexpression in the bottom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0 −
∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0 LgA 2(r0)

.

(A.12)

The left-hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1, A 2](r0), (A.15)
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and noting that TeLg is independent of r , so

−
∂ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by theshapevelocity

ṙ j with i = j , selecting out the j th derivative and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Differentiat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0
term

from each subexpression in the bottom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0 −
∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0LgA 2(r0)

.

(A.12)

The left-hand term in this new expression is the exterior derivative of the local connection,

∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1,A 2](r0), (A.15)
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and not ing that TeL g is independent of r , so

−
∂ ġi

∂r (r 0 ,g0)

= TeL g0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shape velocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ ġi

∂r j
(r 0 ,g0)

= TeL g0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ ġi

∂g (r 0 ,g0)

=
∂ TeL gA i (r )

∂g (r 0 ,g0)

=
∂ TeL g

∂g
A i (r0) + TeL g0

∂A i (r )

∂g
(A.10)

=
∂ TeL g

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeL g0 term

from each subexpression in the bot tom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeL g0 −
∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
+

∂ TeL g A 2(r0)

∂g
Tg0 L gA 1(r0)

−
∂ TeL g A 1(r0)

∂g
Tg0 L gA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeL g0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeL g A 2(r0)

∂g
TeL gA 1(r0) −

∂ TeL g A 1(r0)

∂g
TeL gA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeL gA 1(r0), TeL gA 2(r0)] = [A 1, A 2](r0), (A.15)

(based condition from last slide) 



Derivation, concluded 
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and not ing that TeL g is independent of r , so

−
∂ ġi

∂r (r 0 ,g0)

= TeL g0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shape velocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ ġi

∂r
ṙ j

(r 0 ,g0 )

=
∂ ġi

∂r j
(r 0 ,g0)

= TeL g0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pat tern,

−
∂ ġi

∂g (r 0 ,g0)

=
∂ TeL gA i (r )

∂g (r 0 ,g0)

=
∂ TeL g

∂g
A i (r0) + TeL g0

∂A i (r )

∂g
(A.10)

=
∂ TeL g

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeL g0
term

from each subexpression in the bot tom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeL g0 −
∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
+

∂ TeL g A 2(r0)

∂g
Tg0 L gA 1(r0)

−
∂ TeL g A 1(r0)

∂g
Tg0 L gA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−

∂A 1(r )

∂r 2
r 0

= dA (r 0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeL g0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeL g A 2(r0)

∂g
TeL gA 1(r0) −

∂ TeL g A 1(r0)

∂g
TeL gA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeL gA 1(r0), TeL gA 2(r0)] = [A 1, A 2](r0), (A.15)

Collecting all terms gives us 

(This is the curl/exterior derivative) 
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and not ing that TeLg is independent of r , so

−
∂ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shape velocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0
term

from each subexpression in the bot tom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0 −
∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0 LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0

LgA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1, A 2](r0), (A.15)
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and not ing that TeLg is independent of r , so

−
∂ġi

∂r (r 0 ,g0)

= TeLg0

∂A i (r )

∂r
. (A.8)

Further, each derivat ive of ġi in the lower-left term of (A.3) is mult iplied by the shapevelocity

ṙ j with i = j , select ing out the j th derivat ive and giving these terms the form

−
∂ġi

∂r
ṙ j

(r 0 ,g0)

=
∂ġi

∂r j
(r 0 ,g0)

= TeLg0

∂A i (r )

∂r j
. (A.9)

Different iat ing the posit ion velocit ies with respect to the posit ion space follows the same

pattern,

−
∂ġi

∂g (r 0 ,g0)

=
∂ TeLgA i (r )

∂g (r 0 ,g0)

=
∂ TeLg

∂g
A i (r0) + TeLg0

∂A i (r )

∂g
(A.10)

=
∂ TeLg

∂g
A i (r0). (A.11)

Insert ing the results of (A.6), (A.9), and (A.11) into (A.3) and factoring out a TeLg0
term

from each subexpression in the bottom row reduces the Lie bracket to

ṙ1

ġ1
,

ṙ2

ġ2 (r 0 ,g0)

=

0

TeLg0 −
∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
+

∂ TeLg A 2(r0)

∂g
Tg0LgA 1(r0)

−
∂ TeLg A 1(r0)

∂g
Tg0 LgA 2(r0)

.

(A.12)

The left -hand term in this new expression is the exterior derivat ive of the local connect ion,

∂A 2(r )

∂r 1
−
∂A 1(r )

∂r 2
r 0

= dA (r0). (A.13)

Taking g0 = e (placing the origin at the init ial posit ion of the system) eliminates the TeLg0

factor applied to the whole row and makes the right-hand term in the new expression,

∂ TeLg A 2(r0)

∂g
TeLgA 1(r0) −

∂ TeLg A 1(r0)

∂g
TeLgA 2(r0) . (A.14)

Using the definit ion of the Lie bracket in (3.3), this expression is clearly the bracket

[TeLgA 1(r0), TeLgA 2(r0)] = [A 1, A 2](r0), (A.15)

(Make g0=e) 

(Recognize this 
as an SE(2) Lie 
bracket) 
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where the expression to the right makes use of the simplified notat ion for Lie brackets on

left -invariant fields given in (3.5).

Finally, combining the expressions in (A.13) and (A.15) provides an equat ion matching

that in (A.1):

ṙ1

− TeLgA (r ) ṙ1
,

ṙ2

− TeLgA (r )ṙ2 q0

=
0

− dA + A 1, A 2 (r0)
. (A.16)
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[6] W il l iam M . Boot hby, An Introduction to Differentiable Manifolds and Riemannian Geometry , Aca-

demic Press, 1986.

[7] Fr ancesco Bul l o and K evin M . Lynch, Kinematic Control labi li ty for Decoupled Trajectory Planning

in Underactuated Mechanical Systems, IEEE Transact ions on Robot ics and Automat ion, 17 (2001),

pp. 402–412.

[8] W il l iam L. Bur ke, Applied Differential Geometry, Cambridge University Press, 1985.

[9] Q Guo, M . K . M andal , and M . Y . L i, Efficient Hodge-Helmholtz Decomposition of Motion Fields,

Pat tern Recognit ion Let ters, 26 (2005), pp. 493–501.

[10] Ross L. Hat t on and Howie Choset , Connection vector fields for underactuated systems, in Proceedings

of the IEEE BioRobot ics Conference, October 2008, pp. 451–456.

[11] , Approximating displacement with the body velocity integral, in Proceedings of Robot ics: Science

and Systems V, Seat t le, WA USA, June 2009.

[12] , Connection vector fields and optimized coordinates for swimming systems at low and high Reynolds

numbers, in Proceedings of the ASME Dynamic Systems and Cont rols Conference (DSCC), Cam-

bridge, Massachuset ts, USA, Sep 2010.

[13] , Optimizing coordinate choice for locomoting systems, in Proceedings of the IEEE Internat ional

Conference on Robot ics and Automat ion, Anchorage, AK USA, May 2010, pp. 4493–4498.

[14] , Geometr ic motion planning: The local connection, Stokes’s theorem, and the importance of coor-

dinate choice, Internat ional Journal of Robot ics Research, 30 (2011), pp. 988–1014.

[15] , K inematic cartography for locomotion, in Proceedings of Robot ics: Science and Systems VI I , Los

Angeles, CA USA, June 2011.

[16] S K el l y and Richar d M M ur r ay, Geometric Phases and Robotic Locomotion, J. Robot ic Systems, 12

(1995), pp. 417–431.

[17] Scot t D. K el l y , The mechanics and control of dri ftless swimming. In press.

[18] P.S. K r ishnapr asad and D.P. T sak ir is, G-snakes: Nonholonomic kinematic chains on lie groups, in

33rd IEEE Conference on Decision and Cont rol, Lake Buena Vista, Florida, December 1994.

[19] , Osci l lations, se(2)-snakes and motion control: A study of the rol ler racer, Dynamical Systems, 16

(2001), pp. 347–397.

[20] A ndr ew D. Lewis, Simple mechanical control systems with constraints, IEEE Transact ions on Automat ic

Cont rol, 45 (2000), pp. 1420–1436.

[21] W . M agnus, On the Exponential Solution of Differential Equations for a Linear Operator, Communica-

t ions on Pure and Applie Mathemat ics, VI I (1954), pp. 649–673.

[22] R. D. M al aden, Y . Ding, C. L i, and D. I . Gol dman, Undulatory swimming in sand: Subsurface

locomotion of the sandfish lizard, Science, 325 (2009), pp. 314–318.

[23] J. M ar sden, Introduction to Mechanics and Symmetry, Springer-Verlag, 1994.

Net result: nonconservative and noncommutative terms both appear in 
total Lie bracket 

This is the curvature form for the connection, DA 


