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Though a convex polyhedron has been used in the numerical example,
the proposed approach is, in fact, adaptable to concave polyhedra, since
no special property of a convex polyhedron is used.
For a given feasible canonical grasp, in the form of a set of contact pairs, there may be infinite configurations of the grasping system.
Consequently, an interesting future research direction is to exploit these
solutions to select optimal grasps based on other additional criteria, expressed as new constraints on the GO model. Another important consideration, which is not dealt with in this paper, is the inclusion of other
constraints on a stable grasp, mainly force equilibrium, frictional constraints, and torque constraints on joints. These constraints can be also
incorporated into the same GO model, although the complexity of the
model will increase.
Besides the direct application in feasibility analysis of a desired
grasp, the potential applications of the proposed framework can be
outlined as follows.
• Automatic generation of all canonical grasps in autonomous
grasp planning for a grasping system.
• Planning and control of dexterous manipulation with finger
gaiting, where contact and collision avoidance have to be
considered in the procedure of switching and relocating fingers.
• Workspace analysis and computation of a multifingered hands
with respect to an object, which is a research topic to be explored.
• Robotic motion planning and control considering collision avoidance in a complex environment.
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Abstract—This paper describes a new method for improving the azimuth
accuracy of range information using conventional (Polaroid) low-resolution
ultrasonic sensors mounted in a circular array on a mobile robot. Although
ultrasonic sensors are fairly accurate in measuring distance in depth, they
commonly have significant uncertainty in azimuth. We model this uncertainty with a uniform distribution along an arc. This means that the echo
has an equal likelihood of originating from any point along the arc. We then
introduce a new method to fuse sonar data to better approximate the actual
obstacle location. This new method is termed the arc transversal median
method because the robot determines the location of an object 1) by intersecting one arc with other arcs, 2) then by considering only “transversal”
intersections, those which exceed a threshold in angle, and 3) by taking the
median of the intersections. The median is a robust estimator that is insensitive to noise; a few stray readings will not affect its value. We show,
via some simple geometric relationships, that this method can improve the
azimuth accuracy of the sonar sensor by a specified amount under well-defined conditions. Experimental results on an ultrasonic sensor array situated on a mobile robot verify this approach.
Index Terms—Exploration, mapping, mobile robots, sonar, ultrasonic
sensors.

I. INTRODUCTION
Mobile robot exploration of unknown environments motivated the
work described in this paper. In our work, the robot enters an unknown
environment and, relying solely on ultrasonic sensor information, it
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Fig. 3. Centerline model.

Fig. 1.

Nomadic technologies mobile base.

time, so no additional hardware modifications have to be made or purchased. This approach is called the ATM method, where the A, T,
and M stand for arc, transversal, and median, respectively. Simply put,
we model each sonar sensor as an arc whose radius corresponds to
the range reading of the sensor; initially, the echo can originate from
anywhere along the arc. We then intersect the arcs and consider only
transversal (those exceeding an threshold) intersections, and then presume the median of the transversal intersections approximates the echo.
This paper begins with a review of a naive sonar model that is commonly used because it is easy to manipulate. We then discuss some
prior work that improves upon this naive model and serves as a basis
for the method described in this paper. We then introduce the ATM
method and demonstrate the azimuth resolution improvement. Finally,
we include experimental results.
II. PRIOR WORK OF SONAR MODELS

Fig. 2. Beam pattern for the Polaroid transducer installed on many mobile
robots.

builds up a complete map that can be used for future excursions into the
environment. We use a standard mobile robot with sixteen sonar sensors (Fig. 1). Conventional sonar sensors measure distance using time
of flight. When the speed of sound in air is constant, the time that the
sound requires to leave the transducer, strike an object, and return is
proportional to the distance to the object. In actuality, the time is proportional to the distance to the point of reflection on the object [7]. This
object, however, can be located anywhere along the perimeter of the
sonar sensor’s beam pattern (Fig. 2). Therefore, the distance information that sonars provide is fairly accurate in depth, but not in azimuth.
In the course of implementing our mapping method, we noticed that
the low azimuth resolution of sonar sensors caused problems, especially at narrow openings. The wide beam patterns and low resolution
information created the false impression that passageways were too
narrow for the robot to pass through, and in extreme circumstances,
that some passageways did not exist.
Using a better sensor, such as a laser range system, would help solve
this problem. Laser range systems provide high resolution information,
both in distance and in azimuth. Unfortunately, laser range systems that
provide full 360 coverage incur a high cost, sometimes more than the
mobile base itself. Moreover, the laser sensor modality does not work
in all environments, such as those with glass or black-colored obstacles.
In this paper, we increase the effective azimuth resolution of the
sonar sensors by appropriately moving the robot and fusing previous
sonar data over time. This approach works entirely in software in real

Most models of ultrasonic sensors are derived from their beam patterns (Fig. 2) which map the strength of the response of an echo as a
function of angle. This beam pattern typically has a central lobe which
has a strong response that dominates the rest of the pattern. Since this
central lobe response is so strong, we can model the beam pattern by
an arc that envelops the central lobe. The size of this arc varies with
different sonar sensors, but is 22.5 for the Polaroid ultrasonic sensor
that is found on most robots.
Along this arc, prior work has specified three models for the origin of
the echo. The simplest is the centerline model which assumes that the
echo comes from the center of the arc, and nowhere else. The other two
assign Gaussian and uniform distributions along the arc, respectively.
All three models do assume that at the point of reflection, the arc and
obstacle are tangent to each other, in other words, the sonar echo returns
to the transducer in a path perpendicular to the obstacle normal at the
echo. See [12] for a thorough overview of sonar sensor use.
A. Centerline Sensor Model
Recall that a sonar sensor only provides a real number. This is all the
planner knows. The sonar models described in this section provide a
means for interpreting this real number. Naturally, the data correspond
to distance to an echo, but the open question is: from which direction
did the echo originate? In beam pattern terms, where is the echo along
the sonar arc? As its name suggests, the centerline model assumes that
the object is located at the center of the sonar arc. As can be seen in
Fig. 3, although the echo could originate from any point along the arc,
the model assumes that the echo is in the center.
The centerline model produces reasonable estimates for the locations
of objects if the arc of the cone is small. The arc can be small if the sonar
sensors have narrow main lobes and thus, provide well-localized information. The arc can also be small if the object is close to the sensor, i.e.,
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Fig. 4. Center of cone model makes the passageway seem narrower.

Fig. 6. Centerline method was used. The points correspond to the center of
arcs from real sonar data and the light grey obstacles are drawn for the sake of
display. The actual obstacles were walls outside of the lab.

Fig. 5. Center of cone makes the passageway seem narrower.

the centerline model produces a reasonable estimate for the locations
of objects that are close to the sonar sensor.
This model has the advantage of simplicity. Researchers use this
simple model and a “local map” to improve the resolution of ultrasonic sensors. Moravec and Elfes introduced a type of local map called
the occupancy grid [9], [15], which is a planar discrete representation of the robot’s environment where the value of the cell or pixel
represents its occupancy status along with a certainty value: 0, unknown; [01; 0), empty; and occupied, (0; 1]. Borenstein’s group developed a high-speed method for updating an occupancy grid with the
histogramic in-motion mapping for mobile robot obstacle avoidance
(HIMM) [1]. With the HIMM method, as the robot moves around the
space, the center pixel of the arc is overlaid with the corresponding
pixel in the occupancy grid. The information with the center pixel is
then used to update the occupancy grid. Naturally, this may produce a
less accurate map, but it constructs the map more quickly.
Using the standard Polaroid transducer, the centerline model breaks
down quickly in approximating the location of obstacles far from the
robot. In Fig. 4, the robot passes by an opening (of width a) which is
wider than the diameter of the robot (of width b). The sonar cone from
the downward-pointing sensor is drawn at the two robot locations, each
depicted by a circle. The solid dot in the center of the arc represents
the robot’s perception of where obstacles are located. Based on this
perception, the robot believes the passageway (width c) is too narrow
for it to pass through, i.e., a > b > c. See Fig. 4.
Note that, using the same reasoning as above, simply rotating
the robot by half a sonar cone width and interleaving the additional
center-cone measurements will not double the resolution of the sonar
sensors and will give a similar false impression that corridors are
more narrow than they are in actuality. See Fig. 5. If the sonar cones
had also halved in width, then the rotate-in-place method would have
worked, in theory.
Fig. 6 contains an environment with a narrow opening, similar to
the examples above. In this experiment, the Nomad 200 Mobile Robot
equipped with 16 sonar sensors used the naive centerline model to
sample the location of objects. The dots represent the centers of the

Fig. 7.

Gaussian distribution along the arc of the sonar cone.

sonar arcs. This method gives the robot a false impression of the world
because the robot perceives there not to be an opening. Others have
studied the problem of negotiating narrow doorways, but Schultz first
pointed out this problem to the authors [18], [19]. Also, the architecture presented in [2] handles a robot negotiating through a narrow
doorway. We should emphasize here that the ATM work is not about
detecting narrow doorways, but rather, providing higher azimuth resolution sensor data so that robot can perform its task, which could be
detecting doorways. In our mapping work, we do not have an explicit
doorway detector to achieve mapping, but rather, a sensor-based reactive controller which takes as input raw sensor data; due to the low azimuth of the raw sensor data, our reactive behaviors miss the opening,
and thus, do not map the space.
B. Gaussian Distribution
We believe that Moravec and Elfes’contribution is the occupancy
grid [9], [15], as described above. However, they use a different probabilistic model to process their occupancy grid. This paper uses the sonar
model to both infer the location of obstacles and free space; in other
words, the model uses a planar cone with an arc base whose height is
the distance at which the sonar sensor detects an obstacle. This model
places a Gaussian distribution centered at the arc’s midpoint to reflect
the likelihood that an obstacle is located along the arc. (See Fig. 7.) This
distribution assigns a high probability that the object is located in the
center of the arc. Since the likelihood of an obstacle being located in the
interior of the arc is quite low, the model assigns a value close to 01 for
almost all points in the interior. Finally, this model is then discretized
into cells to match the grid representation of the world. Initially, all
cells in the world map have a zero value, corresponding to “unknown.”
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Fig. 8. Object must be tangent to the arc, but there is an infinite number of
orientation possibilities. Uncertainty is the beam width.

Fig. 9. Object must be tangent to Arc1 and Arc2. Now there is only one
possible orientation. Intersection points are the endpoints of the desired
segment.

As the robot acquires new sensor data, the cells of the world map are
updated using Bayes’ Rule.
C. Uniform Distribution
Already, there has been considerable success in using a Gaussian distribution to model the location of an object along a sonar arc [9]. However, documentation [7] of the widely-used Polaroid ultrasonic sensors indicates that a uniform probability distribution more accurately
models the location of the echo, and hence, the reflection point of an
object, along the arc of the sonar cone. We use the uniform distribution
model in this paper, and we have experimentally verified it. Other researchers such as [17] also use a uniform distribution model with their
grid-based approach.
McKerrow stepped away from the conventional pixel-based approaches by fitting line segments through the sonar arcs to recover
edges in a polygonal environment [14]. First, McKerrow assumes
that the radius of the cone is accurate but that the obstacle may lie
anywhere tangent to the arc. Naturally, there are infinitely many points
along the arc, and thus, infinitely many possible tangent locations for
the obstacle. This range of tangent angles is the same size as the width
of the sonar arc, which is of size 2b in Fig. 8.
To resolve this uncertainty, the robot moves and collects more sonar
arcs to fit common tangents through them (Fig. 9). To determine if two
arcs contain a common tangent, McKerrow derives a condition on the
relative sizes of the sonar arcs and the robot’s motion d. Let rprev and
rcurr be the size of two sonar arcs that originate from the same sonar
sensor but at different mobile robot locations after the robot translated
along a straight line segment of length d. Moreover, let a be the angle

Fig. 10. One limit of a common tangent condition. Endpoints that define the
closed set of acceptable radius differences are d cos(a+b) and d cos(a b).

0

of the arc’s center line relative to the heading of the robot, and b be the
half-width of the sonar arc. See Fig. 10. If the difference jrprev 0 rcurr j
lies within the range of values between d cos(a 0 b) and d cos(a + b),
then there is a common line intersecting both of the arcs that is tangent
to them. Note that if the obstacle intersects both arc endpoints, then this
condition reduces to jrprev 0 rcurr j = d cos(a 6 b). If this condition
is satisfied, then determining the location of the echoes is trivial. From
here, the echo points are connected by a straight line segment which is
put into the map of the environment.
Leonard also uses a uniform distribution to identify corners and
edges in a polygonal environment using ultrasonic sensors with the
region of constant depth method (RCD) [13]. An RCD consists of
adjacent sonar returns which have the same value (or are within
an error tolerance of each other), and hence, the term, “region of
constant depth.” These values should all correspond to the same
feature, whether it be a corner or an edge of a polygon. Again, it is
worth noting that these sonar returns all reflect orthogonally from
the surface of the obstacle to which distance is being measured (for
corners, assume the normals fall into a convex hull of normals as
described in the nonsmooth analysis literature [4], [8]). For an edge,
the surface normal corresponding to the closest reading to the robot
best approximates the surface normal to the edge.
Fig. 11 contains a plot of 144 sonar readings taken from a Nomad
scout which houses 16 ultrasonic sensors. The Nomad rotated in place
by 2.5 increments and the 16 sonar values are plotted. As can be seen
in Fig. 12, the RCD when overlaid on the world looks like an arc, but
corresponds to one echo point and an accurate surface normal from that
point. These points are then tracked as the robot moves through the
environment; if the point does not move, then the feature corresponds
to a convex corner; otherwise, it could be a straight line segment which
is fitted in a method analogous to McKerrow’s.
The work of Wijk and Christensen [20] bears similarities to the ATM
method. Wijk and Christensen lay out a sonar-based method for robot
tracking. They fuse multiple sonar readings via a triangulation method
to better localize the source of the echo along a sonar arc. In a sense,
although the ATM method does not explicitly triangulate, the ATM
method could be viewed as a probabilistic version of the triangulationbased method in [20]. Wijk and Christensen [20] use a Kalman filtering
approach to then use their sonar technique to track a mobile robot.
Both the ATM approach and triangulation-based method do an excellent job of locating corners in an environment, but they are different
approaches. One critical difference is that the ATM method specifically
derives the improvement in azimuth resolution, which can then be used
by other approaches. The ATM method is especially useful when locating narrow corridors that are far away from the robot. See Fig. 13.
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Fig. 13. Passing a line through the centers of the cones gives the robot the
impression there is one wall.

Fig. 11. Each sonar range is plotted as a dot at the angle that it was read. Note
the various spans of angle for which the range remains constant. These RCDs
correspond to arcs in a type of world coordinates.
Fig. 14. Intersection of cones implies that there is an object in the middle of
the opening.

the signal. Based on the time of flight of the return echoes, the lateral
sensors rotate inward toward an obstacle so that the echo reflecting
from the object is normal to the lateral sensors. This focuses the lateral
sensors on the object. Once focused, this system processes the signal
and then discretizes the result into a 16-tuple vector. This vector represents the geometry of the object, and thus, can identify it. Kuc’s results
were successful at distinguishing among machine washers, ball bearings, O-rings, and paper clips. This work does not address the issue
of mapping, but the authors believe his work can augment localization
work currently underway [6].
III. ATM METHOD

Fig. 12. The 144 sonar readings are plotted in a world frame with the cross
representing the location of the robot and the dotted lines representing the
hand-measured cardboard layout of the room. Arcs are plotted through regions
of constant depth as determined from Fig. 11. The RCD on the top edge toward
the right corresponds to a misalignment of the cardboard sheets, and the top
RCD which does not lie on an edge is due to multiple reflections.

D. Processing the Echo
We should also point out that the ATM method does not explicitly detect features, such as convex corners (sometimes called edges), concave
corners (sometimes just called corners), and walls (sometimes called
faces). Leonard uses the RCD method to develop a voting strategy to
distinguish between convex corners and walls. Kleeman and Kuc [10]
present work where they use two transducers to distinguish among concave corners, convex corners, and walls. They use a notion of a virtual
sensor to show that two transducers (actually, two receivers and two
transmitters) are necessary and sufficient to distinguish these features.
It is also worth pointing out followup work of Chong and Kleeman [3]
on feature-based mapping.
Kuc also developed a biomimetic sonar system that relies on the
quality of echo signal, in addition to the time of flight [11]. Instead
of using time-of-flight information, his work processes the echo signal
to perform object recognition. Initially, three sonar sensors are used: a
center one to transmit a signal, and a left and a right sensor to receive

Simply assuming that the echo emanates from one fixed location on
a sonar arc is not sufficient. Instead, the entire arc must be considered.
Being consistent with the documentation [7] of the widely-used Polaroid ultrasonic sensors, we use the uniform distribution model in the
ATM approach. Using the uniform distribution model, we explain one
more naive method to infer obstacle location, and build up our approach
from there. Once we explain our procedure, we will demonstrate some
experimental results, and then in the following section, explicitly derive
the ATM method. Like others, in this paper we assume that each sonar
arc corresponds to only one point of reflection, and hence, one obstacle.
This method can be easily upgraded to handle the rare situation where
the sonar arc corresponds to two different points of reflection.
A. Arc Intersections
Initially, we considered arc intersections of two arcs, labeled arc1
and arc2, each originating from different robot locations. The point of
reflection can lie anywhere on arc1; likewise, this point can lie anywhere on arc2. If these two arcs intersect, then intuitively the point of
reflection is more likely to lie at the intersection. However, considering
single intersections may give the robot a false impression about the locations of objects. In Fig. 14, the robot receives individual echoes from
the two lower objects. The two corresponding sonar cones intersect in
the middle of the opening, and thus, assuming every possible intersection corresponds to an obstacle location is misleading.
The ATM method considers several intersections on a particular arc,
one arc at a time. If many sonar sensor arcs all intersect at one point
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Fig. 15. Arcs with a steep intersection are transversal; these are stable because
a small perturbation to one arc does not dramatically change the location of the
intersection. Arcs with a gentle intersection are nontransversal; these are not
stable because a small perturbation to one arc dramatically changes the location
of the intersection.

on an arc, the probability of there being a point of reflection from an
object is quite high, as described in Section IV-A. Due to sensor resolution in distance and slight error in dead reckoning, many arcs may not
intersect exactly at one point, even if the source of the echo is constant.
Instead, their intersections will form a cluster on one arc corresponding
to the same point on an object. Any element of the cluster serves as an
approximation to the exact location of the object along the arc.

Fig. 16. All arcs corresponding to sonar readings when the robot drives down
the corridor passing by the opening. Arcs correspond to real sonar sensor data
and the light grey obstacles were drawn in for the sake of display. Actual
obstacles were walls in the lab.

B. Median of Intersections
One arc now has a cluster of transversal intersections. Any element
of this cluster would serve as a good approximation to the location of
the echo along the arc. The median of all intersections on an arc serves
as the canonical element of a cluster of intersections. Using the median bypasses the need to employ an explicit clustering routine. Furthermore, the median is robust with respect to noise; it automatically
eliminates bad sonar echoes and spurious intersections that correspond
to other objects. These would manifest themselves in our data as outlying readings which we want to ignore.
There are some special cases that require more care when using the
median. If an arc has no intersections, the robot uses the center of the
arc as the location of the echo. If the arc has one intersection, then the
robot uses the intersection as the location of the echo. When the arc has
three or more intersections, the median operation can be applied. In the
scenario where there is an even number of intersections, the robot uses
the mean of the two middle values. That is, the median of f ; ; ; g
is . If the robot has two intersections, we currently ignore the readings.

5

1 4 6 10

C. Transversal Intersections
Finally, we do not consider all intersections, just those that “stably”
intersect. Two arcs stably, or transversally intersect, if their intersection does not significantly change after one of the cones is slightly perturbed. The two arcs on the left side of Fig. 15 transversally intersect because if one cone were to be slightly perturbed, the intersection would
not significantly change. On the other hand, the two arcs on the right
do not transversally intersect because if one cone were to be slightly
perturbed, then the location of the intersection would change. We only
consider transversal intersections when computing the median. (This is
a similar criterion to stereo vision or structure from motion.) Since we
consider the median of only the transversal intersections, we termed
our approach the ATM method.

Fig. 17. Median method was used. Gray area denotes the location of objects
and the plus marks represent the medians of transversal intersections.

For this experiment, we used intersections whose tangents were 30 or
more. The choice of 30 is derived in Section IV-B. The dots in Fig. 17
represent the medians of each arc’s intersection points. These points
represent a more accurate view of the environment, most notably at the
entranceway, which was not apparent in Fig. 6. In other words, the medians of the arc intersections better approximate the real environment.
In the next section, we derive the ATM method and then its sequel describes more experimental results.
IV. DERIVATION OF THE ATM
Why does this method work so well? We first give a probabilistic
argument based on the properties of the uniform distribution, to confirm
our intuitive sense that areas of many intersections should correspond
to the location of an object (Section IV-A). The choice of 30 for the
transversal angle is then derived in Section IV-B. Finally, we discuss
the median (Section IV-C) and some other issues pertaining to the ATM
method at the end of this section.

D. Experimental Verification With a Narrow Opening
We now apply the ATM method using the same sonar data to the environment depicted in Fig. 6. Recall that the centerline approach “inflated” objects, giving the robot the false impression that there was no
opening. First consider Fig. 16, which displays all of the sonar arcs
and all of their respective transversal intersections, denoted by dots.

A. Probabilistic Reasoning: The Role of the Uniform Distribution

2

Given a uniform distribution on an interval of length , the probability of a point landing at random within a subinterval (d, d
) of
length is = . Clearly, = < . This probability only depends
on the length of the subinterval, not its location. If we now consider the

1 12

(1 2) 1

+1
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The length of the major axis of the rhombus is an upper bound to
the distance between two echoes that lie in the intersection of the two
bands. To determine the azimuth range of object location for a particular sensor, we project the rhombus onto the sonar cone’s arc d inches
away from the sensor. The length of the projected rhombus along the
arc is =

=
 .
Therefore, when considering intersections of angle  , the value
=

=
 is the length of an interval along the arc
where an object could be located. Note that this length does not vary
, then the sonar cone has
with distance d. For example, if 
an accuracy of 3.73 in in azimuth, regardless of obstacle distance. In
other words, an object can be located in an interval of length 3.73 in
centered at the intersection.
At a distance d inches for a given  , the new resolution can be computed by

(1 sin( )) + (1 tan( ))
(1 sin( )) + (1 tan( ))
Fig. 18. The intersection of two cones is approximated by a trapezoid.

= 30

= n sin(1 ) + tan(1 ) :
(2)
For d = 100 in,  = 22:5, and  = 30, n = 10:5. This means
d

Fig. 19. The intersection of two cones is approximated by a trapezoid
(closeup).

probability of n points falling into this same small interval, independently of each other, this probability can be written as

( 2 (d; d + 1)) = 12
(1)
=1
=1
which is equal to (1=2) . As n increases (or as 1 decreases), this
n

n

P Xi

i

i

n

probability approaches zero. In other words, as more readings fall into
the same small interval, our confidence increases that there is an object
that is being detected by the sonar.
In terms of statistical hypothesis testing, we have tested the null hypothesis that there is no object present against the alternative that there
is an object. If the probability of the event is low, i.e., there are many
intersections, then we reject the null hypothesis in favor of the alternative.
B. Transversal Intersections: Why We Used 30 in Our Experiments

In this section, we discuss our choice of using 30 as the threshold for
transversal intersections. For the following calculation, we assume that
each sonar arc only measures distance to one obstacle. This assumption
is reasonable and we have not encountered a configuration of objects
in our experiments where this assumption did not hold.
As a result of discretization in computer hardware, the sonar sensors on the Nomad robot produce range readings with a 1-in resolution, and thus, we use inches, instead of centimeters. In Fig. 18, a sonar
sensor detects an object d inches away from the robot. Since we assume a uniform distribution for possible obstacle locations along the
arc, this object is equally likely to lie anywhere along an arc of 22.5
:  ). Furthermore, the range resolution for the Nomadic
(i.e., 
Technologies mobile base is 1 in,1 and thus, the object can lie in a 1-in
band arc of 22.5. The length of this arc is d =
: in. See Fig. 19
for a closeup view of Fig. 18.
Since we are only considering objects whose distance is significantly
greater than 1 in away from the robot, the sonar band can be viewed as
a 1-in by d =
: -in rectangular strip. The intersection of two
sonar cones can then be approximated by a rhombus.

= 22 5

( 180)22 5

( 180)22 5

1Note that the range resolution of the sonar sensors is much better than 1
in and that the ATM method applies to any desired range resolution. The fact
that we can do so well with even poor 1-in resolution speaks well of the ATM
approach.

that at a distance of 100 in from the robot, we have, at least, a 10.5-fold
improvement in resolution.
If d is small, then this range is probably longer than the arc itself,
and in such situations we use the standard center of the cone approach,
since that suitably approximates the location of the object.
The above analysis implies that as d increases, the resolution along
the arc of the sonar sensor seemingly improves. However, as d increases, the accuracy of the sonar range does not necessarily remain
fixed at 6.5 in. Since this accuracy changes over large distances, the
1-in accuracy in range can also become a parameter of the model.
C. Median
We project a number of trapezoids onto the arc under consideration.
The trapezoids project onto intervals, not point intersections. As stated
above, the maximum length of these intervals corresponds to the minimum resolution provided by the ATM method. So, in essence, we have
to take the median of intervals, which is not clearly defined. If all intervals were of the same length, then we could easily take the median of
the midpoints of each interval to approximate the location of the echo.
However, the desired resolution (i.e., the threshold for transversal intersections) limits the variation in the size of the intervals, so taking the
median is still a meaningful calculation.
D. Discussion
Detecting Flat Walls: This method does not explicitly segment the
environment into corners and walls; it simply looks for echoes, i.e., data
that form the boundary of the robot’s free space. It can then use this
data to achieve whatever task it wants, such as detecting flat walls and
corners. Just like the triangulation-based fusion method described in
[20], the ATM method can be used quite well to detect corners because
corners have many opportunities to receive echoes from a variety of
directions.
The ATM method also works well for nonspecular walls. Points on
nonspecular walls can receive echoes from several angles, allowing for
multiple transversal intersections to form as the robot drives along the
wall. Little bumps and corners, easily detected by sonar sensors at low
angles of approach, lie along the surface of nonspecular walls, as in
Fig. 20. In our experiments, both inside the lab and in the halls outside
our lab, we found the walls to be sufficiently nonspecular to allow for
multiple arcs to intersect at several points along the wall (see Fig. 16).
The ATM method may give the robot the impression that nonspecular walls are closer than they are to the robot, but only by a small
amount, on the order of the depth of the roughness of the wall surface.
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Fig. 20. As the robot passes by a point on the wall, it can collect enough arcs
that intersect near the same point on the wall.

Certainly, this amount is less than 1 in, the depth resolution of the sonar
sensors used in our experiments.
A specular flat wall, on the other hand, can only receive an echo when
the sonar beam is normal to the wall. In such cases, the ATM method is
as good as the centerline approach when passing along a wall. In other
words, the robot will use the center of the cone to approximate the
location of a point on the wall because the arc will not receive enough
samples for the median to be meaningful.
Limitations on Accuracy Improvement: According to (2), if we increase  , then the ATM method provides higher resolution information.
Practically, there is a limit on  . We cannot simply increase  to achieve
any desired resolution, since a higher  threshold would result in too
few intersections. With a smaller number of intersections, we have less
information available about the environment. Since a 10-fold improvement in resolution for our experiments provided good results, we did
not need to increase  beyond 30 for improved resolution.
Length of Sonar History: When computing the intersections of the
sonar cones, we only use the “recent” sonar sensor readings because
of localization error. Keep in mind that the arc locations are with respect to the robot’s encoder coordinates. Sonar data that was acquired
over a short period of time is self-consistent because the robot accrues
minimal localization error, and thus, sonar readings “near” each other
in time are comparable. However, sonar readings that are acquired at
significantly different times are not comparable because one arc’s position has significant accumulated localization error with respect to the
other.
Although the authors’ main interests are exploration and mapping of
unknown static environments, using only the “recent” sensor readings
makes sense in dynamic environments, where readings made in the past
may not reflect the true current location of obstacles.
In our experiments, the desired improvement in resolution when detecting objects as far away as 100 in is tenfold. This leads to the 30
transversal cutoff. Therefore, for the robot to obtain an intersection
at the same point 100 in away from the robot, it must move roughly
len = 50 in, i.e.,
len
2

= sin

30
2

2 100 in

= 25:8 in:

Since we use a 1-s update rate for the sonar sensors and drive the robot
at 5 in/s, the robot requires ten updates to move 50 in, thereby guaranteeing it will get at least one intersection. Hence, we used the ten most
recent sonar sensor readings.

V. ATM APPLICATION EXAMPLE: MAPPING
UNKNOWN ENVIRONMENTS
Virtually any mapping and/or localization procedures, such as [13]
and [20], can use the ATM method. In this work, because of the authors’
prior experience, we applied the ATM method to a generalized Voronoi
graph (GVG) mapping approach [5], [16]. Recall that the GVG in the
plane is the set of points equidistant to two objects. In other words, it

Fig. 21.

Incrementally constructing the GVG using naive center line approach.

Fig. 22. Incrementally constructing the GVG using the ATM approach. Note
that walls are drawn in for display purposes.

is the set of points fx : di (x) = dj (x)g, where di (x) is the distance
between a point x and an object Ci , i.e.,
di (x) = min

c 2C

kco 0 xk:

Since the robot can use the GVG to plan paths between any two points
in the environment, exploring an unknown environment is reduced to
incrementally constructing the GVG using the robot’s sensors.
We conducted two experiments in the same T-shaped environment
with a narrow corridor extending from the base of the T. In the first experiment, the robot used the center of the cone model when incrementally constructing the GVG and missed the opening. The gray regions in
Fig. 21 correspond to the object locations, which are not a priori known
to the robot. The dots correspond to the locations of the centers of the
arcs, and thus, the robot’s understanding of obstacle locations. Notice
how there are dots in the mouth of the opening, giving the robot the impression that the opening is too narrow for it pass through. Therefore,
the robot did not exhaustively explore the environment and produced
an incorrect GVG, represented by solid lines.
Using the ATM method (Fig. 22), the robot quite easily detected
the opening and explored it. The dots represent the medians of the
transversal intersections of all of the arcs, and thus, the robot’s understanding of the obstacle locations. The robot was successful because
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(a)
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sensor resolution, but these methods do not explicitly derive a calculation that states how much improvement the sonars can actually achieve.
In other words, certainty grid methods never justify their choice of pixel
size. Likewise, the triangulation-based method [20] also improves azimuth resolution. The ATM method improves azimuth resolution and
calculates by how much. In fact, the improvement in resolution can
be an “input” to the ATM algorithm which allows a user to specifically
designate a desired azimuth resolution improvement. The ATM method
can then, in turn, serve as a front end to grid-based approaches, the RCD
method, and other mapping methods that utilize sonar sensor data.
The improvement in resolution with the ATM method comes at a
cost: the robot must move around its environment and the quantity
of information decreases as the desired resolution increases. The first
cost is negligible because the robot is moving around the environment
anyway. The second cost requires more investigation. Since the ATM
method assumes all readings are independent, it makes a conservative
estimate about the presence of obstacles. Correlating sonar readings
will increase the amount of information that is available to the robot,
even at high desired resolutions.
Experiments with a mobile robot mapping an unknown environment
that includes a narrow opening verify the strength of this method. However, the ATM method can be further refined. We need to determine the
tradeoff between information gain and accuracy. In addition, the ATM
method assumes that most readings are true. The median filter, by itself, takes care of spurious intersections on an arc, but there is a problem
when several false readings intersect to form a “ghost” obstacle. Specular reflections and multipass echoes are both forms of false readings
that can give rise to these ghost obstacles. In our experiments, the ghost
obstacles formed far away from the robot, but on several occasions, the
updating process of our local map automatically deleted them as the
robot approached the vicinity of the false obstacles. Future work will
consider this problem more carefully.

(b)
Fig. 23. (a) GVG map with the sonar arcs displayed. (b) GVG map with the
ATM-processed sonar data.

the ATM method gave the robot more accurate information about its
surroundings.
Fig. 23 contains another GVG map where the sonar arcs are displayed for visual purposes. The sonar data that are used to construct the
GVG are displayed as arcs in the left-hand side of Fig. 23. Note that
when constructing the GVG, the robot only uses the ten previous sonar
arcs, i.e., only recent history of the sonar data. In other words, we store
the ten previous sonar readings for each sensor in a ring buffer much
in the same way [20] uses a ring buffer in their implementation. The
idea is that the most recent readings are more accurate than older ones;
also, we have observed, but cannot substantiate, that using a ring buffer
local map has the effect of washing away specular reflections.
VI. CONCLUSION
Sensor-based exploration of unknown environments with mobile
robots has motivated the work described in this paper. We focus on
the issue of uncertainty of sonar sensors in azimuth. With simple
sonar models, the limitation in accuracy prevents the robot from fully
exploring an environment because the robot may not detect narrow
openings. We address this problem by use of a uniform distribution
model and develop a method of processing sonar data to improve
sonar sensor accuracy. This method is called the ATM method.
We should point out that we do not model the environment with this
method as is the case in [13] and [14] with polygonal representations or
[9] and [15]. Our goal is to provide a higher azimuth resolution of data.
Prior grid-based approaches certainly can be used to improve sonar
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