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Abstract— This work considers the motion planning for a rodshaped robot in a three-dimensional space. Our approach is
to construct a roadmap in the configuration space of the rod
and use it to navigate and map unknown spaces. Previously, we
defined the rod-HGVG, which is a roadmap for a rod-shaped
robot operating in a three-dimensional space. However, the rodHGVG is only guaranteed to be connected if the point-GVG is
connected. This work extends the rod-HGVG into more general
environments where the point-GVG may not be connected but the
point-HGVG is connected. For this, we define new components,
termed the higher-order edges for the rod-HGVG and linking
strategies which are based on the point-HGVG. Just as there is
a close relationship between the components of the point-GVG
and the rod-HGVG, there is a close relationship between the
components of the point-HGVG and the higher-order edges of
the rod-HGVG. We provide the construction procedures for the
higher-order edges, which, like the components of the rod-HGVG,
can be constructed using only sensor-provided information.

I. I NTRODUCTION
This work examines sensor based planning in a nonEuclidean configuration space. Sensor-based planning differs
from classical planning in that full knowledge is not available
to the robot prior to the planning event. Our approach here
is complete, in that there are provable guarantees which
ensure the robot has indeed explored the space. This differs
from heuristic methods [14] which do not have guarantees
and the probabilistic methods [18], [25] which tradeoff full
completeness for computational efficiency.
In all of these areas, three motion planning techniques
dominate the field: potential functions, roadmaps, and cellular
decompositions. Potential function methods [2], [11], [15]–
[17] find a path by tracing a vector field defined on the space,
but often have problems with local minima. Roadmaps [5],
[7] are one-dimensional structures that a robot can use to plan
paths between start and goal many times. Since roadmaps
possesses the properties of accessibility, connectivity and
departibilit, simply constructing the roadmap using sensor
data is a kin to exploration because once the roadmap is
constructed, the planner can use it for future excursions into
the environment. Cellular decomposition methods [4], [22]
decompose the free space into simple cells and then represent
the relation between cells using an adjacency graph which is
used to find a path between the cells.
In this work, we extend the authors’ previous work on
sensor-based planning for rod-shaped robots in three dimen0-7803-8232-3/04/$17.00 ©2004 IEEE

sions [19]. Even though we are mainly interested in rodshaped robots as a stepping stone towards motion planning
of the highly-articulated robots, rod-shaped robots are interesting in themselves because their configuration space is
non-Euclidean. The previous work [19] introduced a roadmap
for the rod operating in R3 termed the rod-hierarchical
generalized Voronoi graph (rod-HGVG) and its incremental
construction procedure. The proof of completeness, however,
assumed that an R3 workspace structure, the point-generalized
Voronoi graph (point-GVG), was connected. This is not a
reasonable assumption since the point-GVG, in general, is not
connected in R3 . In this work, we re-define the rod-HGVG
without this assumption. We do, however, assume that the
point-hierarchical generalized Voronoi graph (point-HGVG)
– an extension of the point-GVG – is connected. With this
assumption, we introduce new components of the rod-HGVG,
termed the higher-order edges, to connect the disconnected
components of the rod-HGVG. We also provide the linking
procedures from the higher-order edges to the disconnected
components of the rod-HGVG.
One structure of interest, defined in this work, is the
rod-occluding edge, which arises because we consider more
obstacles than the closest ones. Unlike the other components
of the rod-HGVG, the rod-occluding edges are defined using
the discontinuity of a function, and they cannot be constructed
using a root tracing technique used in [8]. We present a new
tracing method for the rod-occluding edges using only sensorprovided information.
The organization of this paper is as follows. In Section II, we
discuss some of the planning methods based on the generalized
Voronoi diagram; in particular we discuss the point-HGVG
and the rod-HGVG in R3 in some detail since this work uses
these roadmaps. In Section III, we define the higher-order
rod-HGVG edges, and discuss the tracing methods for them.
Finally, Section IV summarizes this work and discusses some
of the remaining issues.
II. P RIOR W ORK
A. GVD-related work
This work belongs in the family of planning methods that
use the generalized Voronoi diagram (point-GVD) [1] as their
basis. The point-GVD is defined using the Euclidean distance,
i.e., the distance between the point x and the obstacle Ci is
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defined as
di (x) = min kx − ck.
c∈Ci

(1)

Then the point-GVD is defined as the union of point-twoequidistant faces Fij , which is the set of points equidistant
to obstacles Ci and Cj , i.e., Fij = {x ∈ Rn : 0 ≤ di (x) =
dj (x) ≤ dk ∀k 6= i, j}.
In the plane, the point-GVD forms a one-dimensional set
and Ó’Dúnlaing and Yap [23] first applied the point-GVD to
path planning for a disk-shaped robot – which can be modeled
as a point – operating in the plane.
The generalized Voronoi graph (point-GVG) is a generalization of the point-GVD and is defined as the set of
points equidistant to n obstacles in Rn . Especially, in R3 ,
the point-GVG is the union of point-GVG edges Fijk , which
is the intersection of three point-two-equidistant faces Fij ,
Fik and Fjk . The point-GVG edges intersect at the pointGVG meetpoints Fijkl , which are, by definition, the four-way
equidistant points. The point-GVG does not form a connected
set in R3 in general (Fig. 1 (a)), and therefore cannot be used
as a roadmap by itself.
The point-GVG has been used for motion planning for the
robots with general shape in two- or three-dimensional spaces
[6], [12], [14], [20], [21]. Recently there have been hybrid
approaches [13], [24], [25] that use a randomized planner
along with the point-GVD. These methods, in general, are not
provably complete and require full knowledge of the space
before the planning.
Choset et. al. [10] developed the planar rod-HGVG which
is a roadmap for a rod-shaped robot operating in the plane.
The rod-HGVG is defined using the workspace distance. The
distance between the configuration q and the obstacle Ci is
defined as
Di (q) =
min
kr − ck,
(2)
r∈R(q),c∈Ci

where R(q) is the workspace volume of the rod at the
configuration q.
The rod-HGVG in the plane consists of the rod-GVG edges
and the one-tangent edges. The rod-GVG edges are the sets of
three-way equidistant configurations and are one-dimensional
sets. The rod-GVG edges implicitly define the cellular decomposition of the configuration space, such that a rod-GVG edge
is a retract of a cell. Since in general there cannot be a onedimensional retract of the space with dimension greater than
two [3], the union of the rod-GVG edges is not connected.
To connect the rod-GVG edges, they use the point-GVG,
resulting in the one-tangent edges, which is defined as the
set configurations which are doubly equidistant and tangent to
the point-GVG edges.
The one-tangent edges and the rod-GVG edges roughly
correspond to the point-GVG edges and the point-GVG meetpoints in the plane. Actually, the connectivity of the rodHGVG can be shown using this correspondence.
B. Point-HGVG and Rod-HGVG in R3
1) Point-HGVG: Choset et. al. [8], [9] extended the pointGVG into the three-dimensional space, resulting in the point

(a)

(b)

Fig. 1: The point-HGVG or the hierarchical generalized Voronoi
diagram, which consists of the GVG edges and higher-order
GVG edges. The GVG in R3 does not form a roadmap
as shown in (a). Using the higher-order GVG edges, disconnected components of GVG can be connected, and thus
forming a roadmap (b).

hierarchical Voronoi graph (point-HGVG). As noted above, the
point-GVG is, in general, not connected in R3 . To connect the
point-GVG, we introduce new structures, termed the higherorder edges (Fig. 1 (b)). We consider an individual pointtwo-equidistant face Fij , and define new structures on it to
connect the point-GVG edges which are actually the boundary
components of Fij .
Here we need to consider the obstacles other than the closest
ones. For a point x in Fij , the obstacles Ci and Cj are called
the first closest obstacles and the obstacle which has a distance
smaller than other obstacles except Ci and Cj is called the
second closest obstacle. Since we consider the second closest
obstacle as well as the first closest one, we need to pay more
careful attention to the definition of the distance function. Let
ci (x) be the closest point on Ci from the point x, i.e., ci (x) =
argminc∈Ci kx − ck. Note that, if there are multiple obstacles,
the point ci (x) may not be “visible” from the point x. That
is, the line segment connecting the points x and ci (x) may
not lie completely in the free space. In this case, we define
the distance between the point x and Ci to be infinity. This
discussion leads us to use the V-distance function dvi (x), which
is defined as
½
minc∈Ci kx − ck if s(x, ci (x)) ⊂ F S
, (3)
dvi (x) =
∞
otherwise
where F S is the free space and s(x, ci (x)) is the line segment
connecting the points x and ci (x).
There are three kinds of the higher-order edges in R3 : (i)
second-order point-GVG edges, (ii) occluding edges, and (iii)
floating boundary edges. The second-order point-GVG edge
Fkl |Fij is the set of point on Fij that contains all of the points
equidistant to Ck and Cl . The intersection of two secondorder rod-GVG edges is termed the second-order point-GVG
meetpoint, denoted by Fklm|Fij . The second-order point-GVG
edges are used to find a disconnected point-GVG cycle, i.e.,
a point-GVG edge which is homeomorphic to S 1 and is not
connected to any other point-GVG edges.
The occluding edge arises because of the use of the V distance function. An occluding edge Vkl |Fij is defined as the
set of the points on Fij where the distance to the second closest
obstacles Ck and Cl changes discontinuously.
The floating boundary edge is the set of points on Fij , where
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Fig. 2: The closest point on the obstacle Cj from the point b is the
point cj . However, if the line segment connecting x and cj
intersects the first closest obstacle Ci , the distance to the
obstacle Cj defined to be infinity for the V-distance function.
As the robot moves from the point a towards the point b, the
second closest obstacle changes from Cj to Ck at the point
p, and the distance to the second closest obstacle changes
discontinuously.

distance gradients to the two closest obstacles become the
same, i.e., ∇di (x) = ∇dj (x). The floating boundary edge is
required for completeness, but the simulation results from the
various environments seem to indicate that the point-HGVG
forms a connected set without the floating boundary edges.
Essentially, we are forming a cellular decomposition on Fij
(the cells are termed the second-order generalized Voronoi
regions) and the higher-order edges are the boundary of the
cells. Unfortunately, in addition to these components, the
point-HGVG also requires some linking strategies since these
additional components do not guarantee that the point-HGVG
is connected. Instead, these structures give clues about the
“directions” to which the planner looks for the disconnected
components of the point-HGVG components. A more detailed
discussion on this subject can be found in [9].
2) Rod-HGVG in R3 : The rod operating in R3 has five
degrees-of-freedom, i.e., three translational and two rotational
degrees-of-freedom, and hence its configuration space is a nonEuclidean five-dimensional space diffeomorphic to R3 × S 2 .
Just like the planar rod-HGVG, In defining the rod-HGVG
in R3 , we form a decomposition of the free space and
define a retract, and connect them using one-tangent edges.
The one-tangent edge is defined as the three-way equidistant
configurations tangent to the point-GVG edge in R3 , which
can be represented also as
Rijk

= {q ∈ CFijk : hP Q(q), ci (q) − cj (q)i = 0
and hP Q(q), ci (q) − ck (q)i = 0},
(4)

where CFijk denotes the three-way equidistant configurations,
P Q(q) a line segment parallel to the rod at the configuration
q, and ci (q) the closest point on Ci to the rod. The closest
point on the rod to Ci is denoted by ri (q). However, here, the
retract is the four-way equidistant-faces CFijkl , i.e., the set
of four-way equidistant configurations, rather than the set of
five-way equidistant configurations, even though the rod has
five degrees-of-freedom.
The rod-GVG edges, which are the sets of the five-way

One-tangent Two-tangent
edges
edges
Fig. 3: The rod-HGVG in a rectangular box environment with a
block in the middle. The rod-HGVG consists of three components : the rod-GVG edges, the two-tangent edges, and the
one-tangent edges.

equidistant configurations, i.e.,
CFijklm

= CFijkl ∩ CFiklm ∩ CFjklm ,
∩CFijkm ∩ CFijlm ,

(5)

may not exist at all, and exist only if the rod is long. Then, as
in the planar rod-HGVG, one can see the relationships between
the point-GVG edge and the one-tangent edge (or rod-GVG
edge) and between the point-GVG meetpoint and the four-way
equidistant face.
Our retract is the four-way equidistant face, which is twodimensional, and therefore, we have not defined a roadmap
yet. To define a one-dimensional structure, we define another
cellular decomposition on the four-way equidistant faces,
resulting in the two-tangent edges. Two-tangent edges are
defined as the set of four-way equidistant configurations that
are also tangent to the point-two-equidistant face Fij , i.e.,
Rij/kl = {q ∈ CFijkl : hP Q(q), (ci (q) − cj (q))i = 0}. (6)
It can be shown that the union of the two-tangent edges
(together with the rod-GVG edges if they exist) form a connected set on a four-way equidistant face. From this, it follows
that the rod-HGVG – i.e., the union of the rod-GVG edges,
the one-tangent edges and the two-tangent edges – forms a
connected set (Fig. 3). As in the planar rod-HGVG, in proving
the connectivity of the rod-HGVG, we use the connectivity of
the point-GVG, which implies that the rod-HGVG may not be
connected if the point-GVG is not connected.
III. M AIN C ONTRIBUTION : S ECOND - ORDER
C OMPONENTS OF THE ROD -HGVG - C ONNECTING THE
ROD -HGVG USING THE P OINT-HGVG
In this section, we define new components of the rodHGVG, termed the higher-order edges, to connect the disconnected components of the rod-HGVG and discuss the
construction methods for them. These new structures include
(i) second-order one-tangent edges, (ii) second-order rod-GVG
edges and (iii) rod-occluding edges.
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Since the rod-HGVG is defined using the point-GVG, it is
natural to use the point-HGVG to define the components of
the rod-HGVG. Just like the higher-order components of the
point-HGVG are defined on a two-way equidistant-face Fij ,
the higher-order components of the rod-HGVG are defined
on a two-way equidistant structure. This two-way equidistant
structure, denoted by RCij , is defined as
RCij = {q ∈ CFij : hci (q) − cj (q), P Q(q)i = 0}

(7)

The RCij is three-dimensional, as shown in [19]. Essentially,
RCij is the set of two-way equidistant configurations that are
also tangent to the point-two-equidistant face Fij . Note that
a two-tangent edge Rij/kl can be defined as the subset of
RCij , i.e., Rij/kl is the set of the configurations in RCij ,
which are also four-way equidistant. Also, a one-tangent edge
Rijk can be viewed as the intersection of RCij and RCjk .
This gives a motivation to define the higher-order rod-HGVG
structures on RCij , since we want the higher-order rodHGVG structures to connect the disconnected components of
the rod-HGVG. Just like the second-order point-GVG edges
result in a planar GVD-like structure defined on the twodimensional point-two-equidistant face Fij , the second-order
edges of the rod-HGVG result in a planar rod-HGVG like
structure defined on the three-dimensional RCij . The rodoccluding edges are also defined on RCij , and allow the
planner to find the disconnected component of the rod-HGVG
which is not “visible” from the current configuration.
Before we define the new components of the rod-HGVG,
we briefly mention that if there is a point-GVG cycle, there
also can be a one-tangent edge cycle, i.e., a one-tangent edge
that is homeomorphic to S 1 and disconnected from any other
components of the rod-HGVG. Then, from the continuity of
the distance function, the one-tangent edge cycle has an even
number of local maxima and local minima of the distance
along it. This is a different situation from [19], where a onetangent edge can have at most one local minimum of the
distance on it and no local maxima. At the local minima of
the distance the rod can slide forwards along the length of the
rod at the contact point between the rod and the point-GVG,
as described in [19]. At the local maxima, the rod also slides
along the length of the rod, but here, it moves backwards until
the contact point changes from the one endpoint to the other,
and then tracks the point-GVG.

The second-order one-tangent edges is analogous to the
second-order point-GVG edge, or, as its name suggests, analogous to the one-tangent edge of the planar rod-HGVG. This
structure is not necessarily connected to the disconnected
components of the rod-HGVG, but provides a “bridge” from
which a link can be made to the disconnected components of
the rod-HGVG.
The second-order one-tangent edges are defined as follows:
= {q ∈ RCij : (i)Dk (q) = Dl (q),
(ii)∇Dk (q) 6= ∇Dl (q),
(iii)hck (q) − cl (q), P Q(q)i = 0}.

B. Second-order Rod-GVG Edges
The second-order rod-GVG edge is analogous to secondorder point-GVG meetpoint, or to the rod-GVG edge for the
planar rod-HGVG. Just like the rod-GVG edges connect the
endpoints of the one-tangent edges for the planar rod-HGVG,
the second-order rod-GVG edges connect the endpoints of the
second-order one-tangent edges on RCij . The second-order
rod-GVG edge is defined as
CFklm |RCij ={q ∈ RCij : (i)Dk (q) = Dl (q) = Dm (q),
(ii)∇Dk (q) 6= ∇Dl (q), ∇Dl (q) 6= ∇Dm (q),

A. Second-order One-tangent Edges

Rkl |RCij

Essentially, the second-order one-tangent edge traces the
second-order point-GVG edge Fkl |Fij . Since Fkl |Fij is the
intersection of Fij and SSkl 1 , and the rod must be tangent
to both of these planes to be an element of Rkl |RCij , it
follows that ri (q) = rj (q) = rk (q) = rl (q) for all of the
rod configurations in Rkl |RCij .
The boundary components, i.e., the endpoints, of the
second-order one-tangent edge are either: (i) a boundary
configuration (i.e., the distance to the closest obstacles becomes zero), (ii) a four-way equidistant configuration, i.e.,
a configuration on CFijkl or (iii) three-way equidistant to
the second closest obstacles,. i.e., a configuration q where
Di (q) = Dj (q) < Dk (q) = Dl (q) = Dm (q) for an obstacle
Cm (we call this configuration the second-order connectconfiguration), or (iv) a configuration on an occluding edge.
When the rod reaches a boundary configuration, it simply
stops tracing the edge, and returns to the previous node with
explored edges associated with it. When the rod reaches a
four-way equidistant configuration, the rod is actually at a
configuration in a two-tangent edge Rij/kl , since the rod is
at a configuration in RCij . Moreover, since rk (q) = rl (q)
at q, this is a configuration on Rkl/ij as well2 . If the rod
reaches a configuration at which it is three-way equidistant to
the second closest obstacles, as well as doubly equidistant to
the first closest obstacles, then it is on a second-order rodGVG edge, which is defined in the next section. The case of
the occluding edge is discussed in more detail below.
Fig. 4 shows an example of the second-order one-tangent
edges in a rectangular enclosure with a box inside. Just like
the one-tangent edges of the planar rod-HGVG does not form
a connected set by themselves, the union of the second-order
one-tangent edges does not form a connected set, even on a
single RCij .

∇Dk (q) 6= ∇Dm (q)}.

If the rod were small, CFklm |RCij would be homeomorphic to
S 1 , and there would be three second-order one-tangent edges
emanating from it. If the rod were long, CFklm |RCij would be
homeomorphic to the union of the closed intervals of R. In this
case, the boundary components of CFklm |RCij are either: (i) a
configuration on a rod-GVG edge CFijklm , (ii) a configuration
on an occluding edge, or (iii) a configuration that has the same
1 SS
3
kl = {p ∈ R :
2 Note that this does

(8)

(9)

0 < dk (p) = dl (p), ∇dk (p) 6= ∇dl (p)}
not mean this configuration is on a one-tangent edge,
since there is no guarantee that hci − cl , P Q(q)i = 0 at q.
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a second-order
rod-GVG edge
a one-tangent
edge cycle

a second-order
one-tangent edge

Links

Fig. 4: The rod-HGVG with the second-order edges without the
links. Note that there is a point-GVG edge (not shown)
associated with the small box, the ceiling and the floor,
and hence the one-tangent edge associated with the same
set of obstacles. Without linking, just like the point GVGcycle is disconnected from the other components of the pointHGVG the one-tangent edge associated with the small box
is disconnected from the rod-HGVG, even after the secondorder edges are constructed.

distance to the four second closest obstacles (we term this the
second-order rod-GVG meet-configuration).
In Fig. 4, we can see that the second-order rod-GVG edges
connect the second-order one-tangent edges that lie on the
point-two-way equidistant face defined by the top and bottom
walls.
C. Connecting to a One-tangent Edge Cycle
Like the second-order point-GVG edges, the second-order
one-tangent edges and the second-order rod-GVG edges do
not actually connect two disconnected components of the rodHGVG. Rather, from their structures, the planner can infer
that there is a disconnected component of the rod-HGVG and
make a connection to it. Here we describe how to make this
connection.
For the point-HGVG, the existence of a set of the secondorder point-GVG edges whose union is homeomorphic to
S 1 , indicates that there could be a disconnected point-GVG
cycle, i.e., a point-GVG edge that is homeomorphic to S 1 and
disconnected from any other components of the point-GVG.
[9]. The planner accesses a disconnected point-GVG cycle
using a gradient ascent restricted to Fij from the second-point
GVG meetpoints. In practice, it is computationally expensive
to find a cycle in the point-GVG graph. Instead, the planner
attempts to link to a point-GVG cycle at every second-order
point-GVG meetpoints. This means that some redundant links
are formed in the graph, while the time to search cycles is
saved.
Now, note that if there is a point-GVG cycle, there can
also be a one-tangent edge cycle, i.e., a one-tangent edge
that is homeomorphic to S 1 and disconnected from any other
components of the rod-HGVG. Just like the point-GVG cycle
can be linked from the second-order point-GVG meetpoint,

Fig. 5: The rod-HGVG in the same environment as Fig. 4, but with
the links. Using the links, the planner can access and trace
the inner one-tangent edge cycle. There are links from each
of the configurations where a second-order one-tangent edge
and a second-order rod-GVG edge intersect each other.

the one-tangent edge cycle can be linked from the secondorder rod-GVG edge since the second-order rod-GVG edge is
analogous to the second-order point-GVG meetpoint. Here, as
in the point-HGVG, we will try to connect to a one-tangent
edge cycle from every second-order rod-GVG edge. Again,
this will create some redundant links, while the time to search
cycles is saved.
Since the second-order rod-GVG edge is a one-dimensional
structure rather than a zero-dimensional structure, we need to
choose specific configurations at which the connecting procedure starts. The natural choice would be the configurations
where a second-order rod-GVG edge and a second-order onetangent edge intersect each other, since they are the nodes of
the rod-HGVG.
The linking is achieved in two steps. From a configuration
q ∈ CFklm |RCij ∩ Rkl |RCij , the rod performs a gradient
descent to Ck , while staying on RCij , until it becomes threeway equidistant to Ci , Cj and Ck . The rod is guaranteed
to terminate on a three-way equidistant configuration from
the continuity of the distance function. Let this three-way
equidistant configuration be denoted by q ′ . From q ′ the rod
aligns itself to the point-GVG edge defined by Ci , Cj and Ck
by following the solution of the curve
ċ(t) = πCFijk ∩RCij v(c(t))
and v(q) is defined as v(q) =
¢
¡where π is a projection operator
πFij (−∇dk (ri (q))) , 0 . In a sense, we move the contact
point between the rod and Fij towards the point-GVG edge
Fijk while keeping the rod on CFijk ∩ RCij . Figs. 5 and 6
show the same environment as in Fig. 4, but with the links to
the inner one-tangent edge cycle constructed. Also note that
there are some redundant links.
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One-tangent
edge cycle

By tracing, we mean that a rod-occluding edge RVkl |RCij is
defined such that the equation
One-tangent edge

Vkl |Fij = ∪q∈RVkl |RCij ri (q)

Second-order
one-tangent edge

Links to a
one-tangent edge
cycle

Redundant links

Second-order
rod-GVG edge

Fig. 6: This figure is the part of the rod-HGVG in the environment
shown in Fig. 5 to illustrate, in more detail, the links from
the second-order connecting configurations to the inner onetangent edge cycle. Note also that there are redundant links
to the one-tangent edges which do not form a cycle.

D. Rod-Occluding Edges
The point-occluding edge for the point-HGVG is the set of
points on Fij where there is a discontinuity in the distance
to the second closest obstacle. The motivation for accessing
and tracing the point-occluding edge is to look for the pointHGVG components that are not visible from the “current”
point-HGVG component. It is assumed that these invisible
point-HGVG components are connected to the point-occluding
edge, and thus by tracing the point-occluding edge, the planner
can access and start tracing the disconnected point-HGVG
components. Recall that the components of the point-HGVG
are the boundary components of the second-order Voronoi
regions, which is defined on an individual Fij , and thus if
the point-occluding edge is not an isolated component of the
point-HGVG, it must intersect some other components of the
point-HGVG.
We could define the rod-occluding edge as the set of configurations where the distance to the second closest obstacle
changes discontinuously, which is analogous to the definition
of the point-occluding edge. This, in turn, would imply that the
rod-occluding edge is a boundary component of the secondorder generalized Voronoi region (which could be defined
on the rod-two-way equidistant face CFij , i.e., the set of
double equidistant configurations) in the configuration space.
However, it should be noted that the other components of the
rod-HGVG are not necessarily the boundary components of
the Voronoi region or any higher-order Voronoi region, which
could be defined recursively on the boundary of the Voronoi
region. Thus, there is no guarantee that the rod-occluding
edge defined as the boundary component of the second-order
generalized Voronoi region intersects any other components of
the rod-HGVG.
Instead, we define the rod-occluding edge in such a way
that the rod “traces” or “tracks” the point-occluding edge.

(10)

is satisfied, where Vkl |Fij is a point-occluding edge. This implies that for any point x in Vkl |Fij , there is a rod configuration
q in RVkl |CFij such that ri (q) = rj (q) = x. Now, assume
that a second-order point-GVG edge Fij |Flm intersects the
point-occluding edge Vkl |Fij at a point x′ . Then, if Eq. 10
is satisfied, there is a configuration q ′ ∈ RVkl |RCij , such
that ri (q ′ ) = rj (q ′ ) = Vkl |Fij ∩ Fij |Flm . The configuration
q ′ is not necessarily an element of the second-order onetangent edge Rkl |RCij since q ′ may not be equidistant to Ck
and Cl . However, from q ′ , we could reach a configuration
on RVkl |RCij by sliding and rotating the rod around the
point x′ = Vkl |Fij ∩ Fij |Flm , which is not difficult since the
rod is already in the tangent space of Fij (because the rodoccluding edge is defined on RCij ) and from the point ri (q),
the tangent direction of Fij |Flm can be readily computed.
Similar statements can be made about the point-GVG edge
intersecting the point-occluding edge and the one-tangent
edge associated with it. This means that if a point-HGVG
component is connected to the point-occluding edge, the rodHGVG structure associated with that point-HGVG component
can also be easily detected and reached from RVkl |RCij .
With this in mind, we define the rod-occluding edge as
follows:
RVkl |RCij

= {q ∈ RCij : ri (q) ∈ Vkl |Fij and
(11)
R(q) normal to Vkl |Fij }

The second condition, i.e., the condition that R(q) is normal
to the point-occluding edge, is in some sense arbitrary, and the
rod-occluding edge can be defined in different ways as long
as it satisfies Eq. 10. We use this definition because, from the
simulation results of the point-HGVG in various workspaces, it
is observed that, quite often, but not always, the point-HGVG
components intersect the point-occluding edge at an angle of
π/2. Thus this definition of the rod-occluding edge could make
it easier to connect the rod-occluding edge and the rod-HGVG
components that intersect the rod-occluding edge.
The rod-occluding edge can be accessed from a configuration in the one-tangent edge through a gradient descent
restricted to RCij . The planner starts the linking procedure on
the configuration in the one-tangent edge where the distance
to the closest obstacles attains a local minima. The planner
terminates tracing the rod-occluding edge when (i) a rodoccluding edge cycle is detected, (ii) the rod-occluding edge
intersects another rod-occluding edge. Recall that for the pointHGVG, it was not possible to determine the tangent direction
of the point-occluding edge precisely, and the planner in fact
traces the point-occluding edge in a zigzag manner. We can
assume that a similar kind of phenomenon would happen in
the case of rod-occluding edges defined using the rod-distance
function. Then, it would not be easy to determine when the
rod should terminate tracing an occluding edge cycle, because
it is not generally possible to align the rod precisely along the
point-occluding edge. However, with this definition, the rod
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q q q ′′

can terminate tracing the occluding-edge when the point ri (q)
become sufficiently close to the point ri (qs ) of the starting
configuration qs , even if there is some error in the orientation.
E. Tracing the Rod-occluding Edge
The second-order one-tangent edges and the second-order
rod-GVG edges can be constructed exactly the same way as the
rod-HGVG edges are constructed, described in [19]. However,
we cannot construct the rod-occluding edge using the same
technique, since the rod-occluding edge is defined using the
discontinuity of a function.
Recall that even for the point-HGVG, it is not possible
to trace the point-occluding edge precisely since the planner
cannot determine the precise tangent direction of the occluding
edge. Likewise, we cannot expect the planner to trace the
rod-occluding edge precisely either. Therefore we present an
approximate method to trace the rod-occluding edges.
First we make some observations. We define the pointoccluding face Vkl as the set of points in the free workspace,
where the distance to the second closest obstacle changes
discontinuously. Then the point-occluding edge Vkl |Fij can be
defined as the intersection of Vkl and Fij . Here, we assume
that given a rod configuration q (not necessarily on a rodoccluding edge), if R(q) intersects Vkl , we can find the point
of the intersection, denoted okl (q). We also assume that we can
find the point ck (okl (q)), i.e., the closest point on the obstacle
Ck from the point okl (q). Since we assume that we have a
series of the range-sensors along the length of the rod, it will
not be difficult in practice to find the point where the distance
to the second-closest obstacle changes discontinuously. Then,
by definition of the point-occluding face, the line passing
kl
through okl (q) and ck (okl (q)), denoted by locc
(q), is tangent
to the boundary of the obstacle Ci (assuming, without loss
of generality, Ci occludes Ck ), and also lies on Vkl . This
kl
kl
means that there is a plane Tocc
(q) tangent to Vkl along locc
(q).
kl
kl
Finally, if we consider the plane Nocc (q) that intersects Tocc
(q)
kl
kl
at locc
and is normal to Tocc
(q), it is not difficult to see that
kl
kl
Nocc
(q) is also normal to Vkl , and more specifically, Nocc
(q)
kl
is normal to Vkl |Fij at the point p = Vkl |Fij ∩ Nocc (q). This
kl
means that a configuration q ′ such that R(q ′ ) ⊂ Nocc
(q), can
kl
easily access the rod-occluding edge by sliding on Nocc
(q).
Now we describe a tracing method for the rod-occluding
edge, which consists of two steps : (i) a prediction step and
(ii) a correcting step.
The prediction step from a rod configuration q on the
occluding edge RVkl |RCij , is a translation of the rod on
Tri (q) Fij (i.e., the plane tangent to Fij at ri (q)), in a direction
normal to the vector P Q(q). After the prediction step, the
rod would not be on the rod-occluding edge in general. More
specifically, the rod might not be on RCij , and even if it is
on RCij , it might not be normal to the point-occluding edge.
Let q ′ be the configuration after the prediction step. The
correction step works in two steps. First it brings the rod onto
kl
kl
Nocc
(q ′ ), i.e., after the first correcting step, R(q ′ ) ⊂ Nocc
(q ′ ).
kl
′
Then while keeping the rod on Nocc (q ), the second correction
step brings the rod back on a configuration in RCij , which
according to the discussion above, is an element of RVkl |RCij
also.

δr

θ

Vkl

δt
θ
θ

δr
q δt q ′

Vkl

q ′′

Fig. 7: First correction step: After making a prediction step by
translating by δt (from q to q ′ ), the rod is in general not
normal either to the occluding edge nor the occluding face
Vkl . Left: The curved occluding edge: If δt is small so that
the occluding edge can be approximated by a circle, we have
θ = tan−1 (δt/δokl ). Right: The initial angle between the rod
and the occluding is not π/2. The correcting θ is computed
by θ = tan−1 (δt/δokl ), where δokl is the change of the okl
on the rod. Note that we have the same equation for both
cases, and can make a correction by rotating the rod by θ,
resulting in the configuration q ′′ .

The first step can be done as follows. Assume that initially,
the angle between R(q) and Vkl |Fij was π/2 + θ. Then as
shown in Fig. 7, unless θ = 0, the point okl (q) changes
its location on the rod, and we can approximately compute
the correcting term as θ = tan−1 (δt/δokl ), where δt is the
translational step size and δokl is the change in okl (q) on the
rod. Then by rotating the rod by θ around okl (q) on the plane
defined by P Q(q) and P Q(q ′ ), we can bring the rod on the
kl
Nocc
(q ′ ).
Let q ′′ denote the configuration after the first correction. In
general q ′′ will not be an element of the rod-occluding edge
yet and we need a second correcting step that brings the rod
onto RCij . For this, the rod performs a gradient descent of
the function {Di − Dj , hP Q, ci − cj i}(q), while keeping the
kl
rod on the plane Nocc
(q), which can be computed using the
vectors P Q(q) and ci (q) − okl (q) (Fig. 8).
This is the description of the tracing methods for the rodoccluding edge. Note that for the first correction step, we
assume that after taking a prediction step, the rod still intersects the point-occluding face. But, since the point-occluding
edge and the point-occluding face can have sharp corners, it is
possible that the rod may not intersect the point-occluding face
after the prediction step. Also, if initially the rod is tangent to
the point-occluding edge, the rod will not intersect the pointoccluding face after the prediction step. Our current work
involves development of additional methods to solve these
problems.
IV. C ONCLUSION
This work considered sensor-based planning of a rod-shaped
robot in a three-dimensional space. This work introduced the
higher-order edges for the rod-HGVG, so that the rod-HGVG
is connected in more general environments. These structure includes the second-order rod-GVG edge, the second-order onetangent edge and the rod-occluding edge. These components
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q
q ′′′
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okl (q )
Fij

Vkl |Fij

kl
Nocc
(q ′′ )
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Fig. 8: Second correction step - correcting onto RCij : From the
configuration q ′′ , the rod corrects to q ′′′ which is in RCij
by gradient descent. During this correction, the rod maintains
kl
tangency to the plane Nocc
(q ′′ ).

are, like the rod-HGVG, defined using the workspace distance,
and based on the point-HGVG, a structure in the workspace.
More specifically, just as there is a close relationship between
the components of the point-GVG and the rod-HGVG, there
is a close relationship between the components of the pointHGVG and the higher-order rod-HGVG edges. This relationship essentially guarantees that the rod-HGVG together
with the higher-order rod-HGVG edges is connected if the
point-HGVG is connected. Since the point-HGVG represents
the connectivity of the workspace, the rod-HGVG together
with the higher-order edges, in some sense, let us infer the
connectivity of the configuration space using the connectivity
of the workspace.
However, the rod-HGVG may not be connected even with
the higher-order edges in a connected configuration space.
As discussed in [9], the linking strategy used for the pointHGVG does not actually guarantee that all of the disconnected
components of the point-GVG are connected. Actually an
example can be constructed where the point-HGVG is not connected. To completely connect all the point-GVG components
would require an exhaustive search on some of the two-way
equidistant faces. Since the higher-order rod-HGVG edges are
defined using the point-HGVG, the rod-HGVG inherits this
problem.
Also, the tracing method for the rod-occluding edge is
approximate. However, the advantage of this method is that
we use minimal information to trace the rod-occluding edge.
To trace the rod-occluding edge, we used only the point on the
rod where the distance to the second-closest obstacle changes
discontinuously. In reality, we could be provided with more
information since we assume that there is a series of range
sensors along the length of the rod, and using them, we can
find more precisely the tangent direction of the point-occluding
edge, and thus making tracing procedure for the rod-occluding
edge more precise. The next goal of this research is to develop
a method that can trace the rod-occluding edge more precisely
using more information which is already available from the
current sensor model.
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