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Sensor-Based Exploration for Convex Bodies: A New
Roadmap for a Convex-Shaped Robot
Ji Yeong Lee and Howie Choset
Abstract—We present a new roadmap that can be used to guide a convex
body to explore an unknown planar workspace, i.e., to map an unknown
(2). This new roadmap is called
conﬁguration space diffeomorphic to
the convex hierarchical generalized Voronoi graph (convex-HGVG). Since
this roadmap is deﬁned in terms of workspace distance information that is
within line of sight of the convex body, we can use it to direct the robot to ex(2). The chalplore an unknown conﬁguration space diffeomorphic to
lenge in deﬁning the roadmap is that
(2), with holes removed from it,
generally does not have a one-dimensional deformation retract. Therefore,
(2) into contractible regions, in which we
we decompose the punctured
deﬁne convex generalized Voronoi graphs (convex-GVG), and then connect
these graphs with additional structures called convex- edges. We formally
show that the convex-HGVG, which is the union of the convex-GVG edges
and the convex- edges, is indeed a roadmap.
Index Terms—Convex body, generalized Voronoi graph (GVG), motion
planning, retract, roadmaps, sensor-based planning.

I. INTRODUCTION
This paper presents a new sensor-based planning algorithm for a
convex-shaped body to explore in an unknown planar workspace. In the
past, most provably complete sensor-based planners [3], [13], [18] addressed many challenges, but were limited to robots modeled as point
robots operating in the plane. To go beyond the planar environment,
this paper develops an approach which is based on a structure called a
roadmap. The roadmap, introduced by Canny [2], is a geometric structure that captures the connectivity of the free conﬁguration space. A
roadmap is a one-dimensional (1-D) network of curves with the following properties: accessibility, connectivity, and departability.
In this paper, we deﬁne a new roadmap termed the convex hierarchical generalized Voronoi graph (convex-HGVG). A planner can use
this roadmap to determine a path for a convex body operating in an
unknown 2-D workspace. A key feature of this roadmap is that it is deﬁned in terms of the workspace distance function, i.e., the only information the planner requires is the workspace distance information, which
can be easily provided by range sensors. This implies that using the
convex-HGVG, the robot can explore unknown conﬁguration spaces
without explicitly constructing the conﬁguration space.
The conﬁguration space of the convex body operating in a plane is
3-D and diffeomorphic to SE (2). The primary challenge in deﬁning
a roadmap for a convex body in SE (2) is that SE (2) with punctures
(from conﬁguration-space obstacles) is not contractible. This means
that we cannot deﬁne a deformation retraction on the convex body’s
conﬁguration space, as we could with the generalized Voronoi diagram (GVD) [16]. Instead, we decompose the free conﬁguration space
into contractible regions, called junction regions, deﬁne deformation
retracts termed convex-GVG edges in each of the junction regions, and
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then connect them using another structure called R edges, whose deﬁnition is based on the point-GVD of the workspace. Both of these edges
are deﬁned using a workspace-distance measurement. Therefore, the
planner can construct a roadmap in the conﬁguration space without explicitly constructing the conﬁguration space. This implies that, unlike
the methods which have to work in higher dimensional conﬁguration
spaces to construct a connected structure in the conﬁguration space, the
planner can infer the connectivity of the conﬁguration space from the
workspace connectivity using the convex-HGVG.
Since the convex-HGVG is a collection of edges and nodes, its deﬁnition naturally induces a sequence of reactive control laws, which are
the low-level procedures by which a planner takes in sensory information and simultaneously builds up the map to direct the robot where
to go for each type of edge, and arbitration schemes to select edges
to explore at its nodes. This results in a reactive hybrid system that explores an unknown space. If the robot completes the construction of the
convex-HGVG, then, in essence, it has explored the unknown space,
because the planner can use the roadmap to plan future excursions into
the space. It should be noted that a similar roadmap is also described in
[19], which, however, does not prescribe an incremental construction
method.
The outline of the paper is as follows. Sections II reviews the prior
work related to this paper. Section III formally deﬁnes the convexHGVG, and Section IV shows that this roadmap has all desired properties; most importantly, the convex-HGVG forms a connected set in a
connected conﬁguration space. Finally, Section V summarizes the results and discusses future directions.
II. PRIOR WORK
The convex-HGVG is one step toward the ultimate goal of sensorbased planning for highly articulated bodies, and one of the series of
the roadmaps using the ideas based on the GVD for a point robot (see
Fig. 1). The GVD is deﬁned as the set of points equidistant to two obstacles (Fig. 2). Ó’Dúnlaing and Yap [16] ﬁrst applied the GVD to the
robot-motion planning. They showed that the GVD is a deformation
retract of a free space in a plane, and thus has the property of accessibility, connectivity, and departability. In other words, the GVD is a
roadmap for the point robot in the plane. They applied GVD to path
planning for a disk-shaped robot operating in the plane, however, their
result required the full knowledge of the workspace.
Choset and Burdick [4] extended the GVD into three dimensions
by deﬁning the generalized Voronoi graph (GVG), which is the set of
points equidistant to three obstacles. The GVG, by itself, is not connected in general, and thus additional structures, called higher order
GVGs, were introduced, yielding a connected roadmap called the hierarchical generalized Voronoi graph (HGVG).
Early approaches [1], [7], [8], [15] which consider the rod or the
polygonal/polyhedral bodies are, in general, restricted to the environments with the polygonal or polyhedral obstacles, and also require a full
knowledge of the environment. These structures are deﬁned in terms of
the workspace-distance measurements, thus amenable to sensor-based
implementations. The backbone of these structures is the set of conﬁgurations that are equidistant to n obstacles in an n-dimensional conﬁgurations space. The set of n-equidistant conﬁgurations results in a
1-D structure, but does not form a connected set, in general, except for
the GVD in 2 . Therefore, the challenge in these problems is to deﬁne new 1-D structures to connect those disconnected 1-D structures
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Fig. 3. Placements of the rod along a rod-HGVG in an rectangular enclosure
with two rectangular obstacles in it. (a) Rod-HGVG. (b) Rod-HGVG in the
conﬁguration space.

Fig. 1. Overview of roadmaps.

It is also worth noting that Lin et al. [9], [10], [17] and others developed the algorithms that combine GVG with a probabilistic method to
deﬁne a roadmap for the rigid bodies in 2-D and 3-D spaces. In [9], the
planner aligns the “major axis” of the robot to the GVD to ﬁnd a path,
which is similar to our approach. However, their “alignment” does not
necessarily produce a collision-free conﬁguration, and the planner uses
a probabilistic technique to ﬁnd a collision-free path.
Choset et al. [5], [6] deﬁned a roadmap, termed the rod hierarchical
generalized Voronoi graph (rod-HGVG, Fig. 3), for rod-shaped robots
operating in the plane. The rod-HGVG is also deﬁned in terms of the
workspace-distance function. Since the rod in a plane has three degrees
of freedom (DOFs), a rod-GVG edge is deﬁned to be the set of conﬁgurations equidistant to three obstacles. Unfortunately, the union of the
rod-GVG edges is not necessarily connected, even in the planar case.
To produce a connected structure, another type of edge is introduced,
termed the R edges. Roughly speaking, the R edges are the two-way
equidistant conﬁgurations which are tangent to point-GVD edges,
thus, one can say they connect the disconnected rod-GVG edges using
point-GVD edges. The rod-HGVG then comprises rod-GVG edges
and R edges. The rod-HGVG forms a connected set in a connected
conﬁguration space (see [5] for a detailed proof). Essentially, we
are forming an exact cellular decomposition of SE (2) where the
rod-GVG edges are the deformation retract of the cells, and R edges
connect the disconnected rod-GVG edges.
III. CONVEX BODY OPERATING IN PLANE: DEFINITIONS

Fig. 2. Point-GVD or the GVD is the set of points equidistant to two obstacles.

to form a roadmap. Contrary to our method, most of the earlier works
do not guarantee the connectivity of the roadmap, since they employ
some heuristics to connect the disconnected components.
Recently, the probabilistic community has successfully demonstrated the capabilities of probabilistic roadmaps (PRM) for highly
articulated robots [11], [12], [20]. One major beneﬁt of the probabilistic approaches is that they do not construct the conﬁguration
space, but most of these approaches require knowledge of the work
space prior to the planning event.
Yu et al. [21] developed a sensor-based PRM algorithm (called
SBIC-PRM). This method incrementally expands the roadmap as
the range sensor provides the newly visible workspace volume from
the current robot conﬁguration. Using this visible workspace-volume
information, they can avoid the explicit computation of the conﬁguration space, which is computationally expensive. However, the
computation of the visible workspace volume itself could be expensive
if the environment (or the current visible scene) or the geometry of the
robot itself is complex. It is worth noting that, unlike our method, this
method assumes a single range sensor installed at the end-effector of
the robot.

A convex body moving in the plane has three DOFs whose conﬁguration space is diffeomorphic to SE (2). Let q be the conﬁguration of
the convex body, then it can be represented as q = (x; y; )T (Fig. 4).
Let R(q )  2 be the set of points that the convex body occupies in
the plane when it is located at q . Also, P (q ) and (q ) denote the position of the reference point1 on the robot and the orientation of the robot,
respectively. The distance between the obstacle Ci and the robot at q
is deﬁned as
D i (q ) =

r

min

2R(q);c2C

kr 0 ck:

(1)

See Fig. 4. This distance function can be measured using a series of
range sensors along the boundary of the convex body. Then, to identify the obstacles using these sensors, one just needs to ﬁnd the local
minima of the sensor readings along the boundary of the convex body.
That is, each local minima of the sensor reading corresponds to the distance to an obstacle. We denote the closest points on the robot (i.e., the
point where one of the local minima is attained) at the conﬁguration
q to the obstacle Ci as ri (q ), and the closest point on the obstacle Ci
to the robot as ci (q ), hence Di (q ) = kri (q ) 0 ci (q )k. We assume
1Note that the deﬁnition of convex-HGVG is independent of the choice of the
reference point.
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Fig. 4. Conﬁguration of the convex body can be parameterized by (x, y ,  ).
Distance function between the obstacle C and the conﬁguration q is deﬁned
as the minimum distance between the two point sets R(q) and C . The points
r (q ) and c (q ) are the points closest on the robot and the obstacle C to each
other.

that the robot is operating in a bounded 2-D workspace, populated by
convex-shaped obstacles fCi g. Nonconvex obstacles are modeled as
the union of convex shapes. Note that the planner does not need to decompose explicitly a nonconvex obstacle into convex obstacles. (For an
in-depth discussion of this, refer to [4].) Moreover, we assume that the
points ci (q ) and ri (q ) are always uniquely deﬁned. Note that if both the
robot and an obstacle have ﬂat edges, and the robot is oriented in such
way that these two edges are parallel, then the points ci (q ) and ri (q )
cannot be uniquely deﬁned. Essentially, we assume that the boundaries
of the obstacles or the robot are “slightly curved” so that the points
ci (q ) and ri (q ) are always uniquely identiﬁed.
A. Convex-GVG Edge
We use equidistance relationships to deﬁne the convex-HGVG. The
ﬁrst building block is the set of the conﬁgurations equidistant to two
obstacles, termed two-equidistant conﬁguration face, deﬁned as

CF = fq 2 S E (2) : 0  D (q) = D (q)  D (q)
8h 6= i; j and rD (q) 6= rD (q)g
ij

i

j

h

i

j

(2)

where rDi (q ) is the gradient of the distance, which is derived in similar way as in [6]. The condition rDi (q ) 6= rDj (q ) is required to
guarantee that the two-way equidistant conﬁguration face is 2-D. Then
the convex generalized Voronoi diagram (convex-GVD) is deﬁned as
union of CFij ’s, i.e.,

CF
i

(3)

ij :

j

Convex-GVD forms a connected set, but is not a union of 1-D
structures, since each CFij is a 2-D manifold. Now we deﬁne the
convex-GVG edge as the set of conﬁgurations equidistant to three
obstacles, which is formed by intersecting the above-deﬁned two-way
equidistant surfaces, which can be written as follows.
Deﬁnition 1 (Convex-GVG Edge):

CF

ijk

= CF

ij

\ CF \ CF
jk

(4)

ik :

Note that we cannot deﬁne CFijk as an intersection of just two two-way
equidistant conﬁguration faces, since we need to guarantee that the distance gradients to all three obstacles are distinct also. In other words,
for the conﬁguration q in the set CFij \ CFik , it follows that Di (q ) =
Dj (q ) = Dk (q ), but it is not guaranteed that rDi (q ) 6= rDk (q ),
which is required to form a 1-D manifold.
If the convex body is small compared with the scale of the environment, a convex-GVG edge is diffeomorphic to S 1 . Otherwise,
a convex-GVG edge will have disconnected components, and its
boundary elements are either meet conﬁgurations or boundary
conﬁgurations. Meet conﬁgurations for the convex-GVG are the
conﬁgurations equidistant to four obstacles, i.e.,

CF

ijkl

= CF

ijk

\ CF \ CF \ CF
ijl

ikl

jkl

(5)

Fig. 5. Dotted robot positions represent a path between CF
and CF .
Along it, the minimum distance is attained at the conﬁguration q (solid lines),
and the distance at the q is larger than m (gray), which is oriented such that
the principal squeeze axis is normal to c (m ) c (m ).

0

which is analogous to meet points for the point-GVG. Boundary conﬁgurations are the conﬁgurations where the distance to the closest obstacles becomes zero, i.e.,
Bijk

= fq 2 SE (2) : D (q) = D (q) = D (q) = 0g :
i

j

k

(6)

Deﬁnition 2 (Convex-GVG): The convex-GVG is the union of
convex-GVG edges, i.e., the set of conﬁgurations that are three-way
equidistant which can be written as

02 j =n01

i=n

i=1

k=n

CF

ijk :

(7)

j =i+1 k=j +1

See Fig. 11 for an example of the swept volume of convex-GVG
edges in a simple environment. Just like the rod-GVG, the convex-GVG
is not necessarily connected, even in the planar case.
B. Convex-R Edges: Using Workspace Topology to Infer
Conﬁguration-Space Topology
We deﬁne a new structure, termed convex-R edge, to connect the disconnected components of the convex-GVG edges. Just like the R edges
for the rod-GVG, we use the double equidistant conﬁgurations to connect disconnected convex-GVG edges. The set of two-way equidistant
conﬁgurations forms a 2-D set, so we have to introduce another constraint. Roughly speaking, the double equidistance can be viewed as
a constraint on position, and this additional constraint is on orientation. For the case of the rod, loosely speaking, there is a natural way to
specify the orientation of the rod on the point-GVG edge, which is to
make the rod “tangent” to the point-GVG edge. However, for a convex
shape, there is no direct sense of tangency. The R edge deﬁnition for the
convex body generalizes this notion of tangency for the convex body.
Consider two convex-GVG edges CFijk and CFijl , and assume that
there is a path that passes between two obstacles Ci and Cj with end
points qk and ql on CFijk and CFijl , respectively (Fig. 5). We can
assume that this path is a two-way equidistant path, i.e., this path is
a subset of the manifold CFij , since, given an arbitrary path, we can
perform gradient ascent to each conﬁguration in the path until it reaches
a two-way equidistant conﬁguration.
Each two-way equidistant path attains a local minimum of the distance along it. We want to consider only such paths for which this
local minimum of Di (q ) is locally bigger than that of other two-way
equidistant paths in a neighborhood. In other words, let 5ij be the
set of the two-way equidistant paths between CFijk and CFijl on
CFij , i.e., 5ij = fc 2 C 0 jc(t) 2 CFij for t 2 [0; 1] and c(0) 2
CFijk and c(1) 2 CFijl g, where C 0 denotes the set of continuous
functions from [0,1] to the free conﬁguration space. Let 0 : 5ij !
be a function such that 0(c) = minq2c([0;1]) Di (q ). We consider only
the paths which attain local maxima of 0 among the paths in 5ij . Note
that, in general, there can be inﬁnitely many such paths, and our goal
is to deﬁne convex-R edge as one of those paths.
To obtain such a path, we generalize the notion of tangency, using the
concept of the principal squeeze axes (Fig. 6), deﬁned as follows. Let
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Fig. 6. Diameter function h(). The top (point t) and bottom (point b)
determine the value of h( ).
Fig. 8. Some placements of the robot in a convex-R edge R . All the
c is
conﬁguration shown in the ﬁgure are equidistant to C and C , and c
normal to the principal squeeze axis of the robot.

0

and CF must “pass through” the line
Fig. 7. Any path between CF
segment c c , where the distance between the two obstacles is determined.
To maximize the minimum distance along the path, the robot must align its
principal squeeze axis to the tangent of the obstacles at c (and c ). Note that
convex-R edge is deﬁned such that it contains such a conﬁguration.

n be the unit vector in a reference direction and  be the orientation of
the convex body with respect to n. Then, the value of diameter function
[14] h : S 1 ! is deﬁned to be maxt;b2R() (t 0 b) 1 n, where R()
is the set of the points occupied by a convex set R oriented at  . We
call the two points t and b that determines the value of h() at given
orientation as top and bottom points.
Note that for convex shapes, the diameter function has a ﬁnite
number of local minima, and we use these minima to deﬁne the principal squeeze axes. Let t : S 1 ! 2 and b : S 1 ! 2 be the top and
bottom points on a convex set in a body-ﬁxed coordinate frame for a
given orientation. Let fi3 g be the set orientations where the diameter
function h obtains minimal values. A principal squeeze axis vi is the
unit vector that is normal to the vector (t(i3 ) 0 b(i3 )). Note that there
are always an even number of the principal squeeze axes for a given
shape, since if the diameter function h() attains a local minimum at
angle 1 , then h() attains a local minimum at 1 +  also.
We now explain how the principal squeeze axes are used to deﬁne
a path which locally maximizes the minimum distance along the path.
This condition is as follows. Let ci3 and c3j be the pair of closest points
in Ci and Cj , i.e., the points in each obstacle where kpi 0 pj k, pi 2
Ci , pj 2 Cj is minimized, or (ci3 ; cj3 ) = arg minp 2C ;p 2C kpi 0
pj k. Then, the tangents of Ci and Cj at ci3 and cj3 must be parallel to
each other, and also must be normal to the vector ci3 0 cj3 Clearly, if
kci3 0 cj3 k is smaller than the diameter of the robot, there cannot be
a (direct) path between CFijk and CFijl . Assuming otherwise, let us
deﬁne a conﬁguration m3 where the vector ri (m3 ) 0 rj (m3 ) in the
plane is parallel to ci3 0 cj3 and Di (m3 ) = Dj (m3 ) (Fig. 7). Note that
at this conﬁguration m3 , the robot is located in between two parallel
lines, both of which are tangent to the obstacles Ci and Cj at ci3 and
cj3 , respectively. Also one of the principal squeeze axes, vk , should be
parallel to these parallel lines (see q2 in Fig. 8). Thus, for the path to
attain the local maxima of the mininum distance, the vector ci3 0 cj3
must be normal to a principal squeeze axis vk when the robot is at
the conﬁguration where the distance to the obstacles has the smallest
value on the path. Then it is clear that any path in 5ij that does not
contain m3 will have minimum distance bigger than Di (m3 ). In other
words, to attain the local maxima of the minimum distance, the path
must contain m3 . In general, there will be inﬁnitely many paths that
contain m3 , and any one of those paths can be used to connect the two
convex-GVG edges, and we deﬁne the convex-R edge as one of those
paths that can be constructed using sensor information.

Fig. 9. Some examples of the principal squeeze axes for simple robots. v ’s
represent the principal squeeze axes. Note that we are only interested in the
direction of the principal squeeze axis, not the “location” of the origin.

Now to obtain a speciﬁc path that passes through conﬁguration m3 ,
we deﬁne the convex-R edge as follows.
Deﬁnition 3 (Convex-R Edges):
Rij

= fq 2 CFij j hci (q) 0 cj (q); vk i = 0 for some kg

(8)

where the vk ’s are the principal squeeze axes of the robot (see Fig. 8
for some sample placements of the robot along a convex-R edge).
The information required to deﬁne the convex-R edges can readily
be computed from the sensor information as follows. First, as we described above, ri is the point where a local mininum of the sensor
reading is attained along the boundary of the robot. Then since the
vector ci (q ) 0 ri (q ) is normal to the tangent space of the robot at the
point ri (q ), and the length of ci (q ) 0 ri (q ) is the distance to the obstacle Ci , i.e., the value of the sensor reading at the point ri , the location of ci can easily be computed. Also, vk is known, given the shape
and the orientation of the robot. Therefore, the convex-R edge is deﬁned using only the information which can be computed from sensor
data. As we noted above, there are always an even number of principal
squeeze axes for a given convex body, and therefore, there are always
an even number of convex-R edges, given two obstacles Ci and Cj .
Note that given a principal squeeze axis, there are two convex-R edges
associated with it, i.e., depending on how the principal squeeze axis
aligns to the vector normal to ci (q ) 0 cj (q ).
As noted before, for a general convex body, the diameter function
can have multiple local minima (Fig. 9). Therefore, there would be
more than two convex-R edges that connect two adjacent convex-GVG
edges, as shown in Fig. 10. In this example, the robot can rotate 360
on the left part of the environment, but cannot rotate fully on the right
part. Thus, there are two convex-GVG edges, CF123 , which has one
connected component, and CF234 , which has four components, disconnected from each other. The conﬁgurations q1 and q2 belong to the
two different components of CF234 . Now for the robot to travel from
q1 to q2 , it must move away from q1 to a “wide” region on the left,
rotate, and then move back toward q2 . This explains why we need both
of the convex-R edges represented by dotted lines and dashed lines in
Fig. 10, which correspond to each of the principal squeeze axes of the
robot. The conﬁgurations m1 and m2 are the conﬁgurations along each
component where the distance to the two closest obstacles is locally
minimized, and the convex-R edges are deﬁned so that they contain
these conﬁgurations m1 and m2 , respectively.
Then, the convex-HGVG is deﬁned as follows.
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In this environment, there are two convex-GVG edges, CF
and
(the conﬁgurations belonging to these convex-GVG edges are drawn
in solid line), which are disconnected from each other. To form a connected
roadmap, we need both of the convex-R edges, represented by dotted lines and
dashed lines, which correspond to each of the principal squeeze axes of the
robot.
Fig. 10.

CF

Fig. 11.

Fig. 13.

Placements of the robot along the convex-HGVG.

Fig. 14.

Placements of the robot along the convex-HGVG.

Placements of the robot along the convex-GVG edges.

C. Control Laws and Incremental Construction Method
The convex-HGVG can be constructed incrementally using a roottracing technique similar to that of the point-based GVG [3]. For generating a convex-GVG edge, the planner traces the roots of the expression

G(q) = Di (q) 0 Dj (q)
Di (q) 0 Dk (q)

(9)

and for the convex-R edges, the planner traces the roots of the

G (q ) = D i (q ) 0 D j (q )
hvs ; (ci 0 cj )i

(10)

according to the control law

q_ = V
Fig. 12.

Placements of the robot along convex-R edges.

Deﬁnition 4 (Convex-HGVG): The convex-HGVG is the union of
rod-GVG edges and convex-R edges.
Figs. 11–13 show the swept volume of convex-HGVG for a robot
with two principal squeeze axes. Therefore, two convex-R edge components can be seen between two obstacles that deﬁne the convex-R
edge. Fig. 14 shows another example of the convex-HGVG, for a
convex body with symmetries. In this example, the robot has the
rectangular shape with a curved boundary, and is symmetric about two
axes which are normal to each other. These symmetric axes are also
principal squeeze axes. Therefore, there can be four convex-R edges
that connect two disconnected GVG edges. For example, note that in
the lower left corner of the room, there are disconnected components
of a GVG edge, and four convex-R edges connect these disconnected
components to the GVG edge on the lower right corner of the room.

rG(q)) + (rG(q))y G(q)

(

(11)

where:
• and are scalar gains;
• rG is the gradient of G;
• V 2 Null(rG(q )), the null space of rG(q );
• (rG(q ))y is the Penrose pseudoinverse of rG(q ), i.e.,
(

rG(q))y = (rG(q))T rG(q) (rG(q))T

01

:

(12)

IV. ROADMAP PROPERTIES
A. Accessibility
Accessibility is the property that the robot can move onto a conﬁguration in the roadmap from an arbitrary conﬁguration. We show that
the robot can reach a conﬁguration on a convex-GVG edge using a sequence of ﬁxed-orientation gradient ascents of the distance function to

IEEE TRANSACTIONS ON ROBOTICS, VOL. 21, NO. 2, APRIL 2005

245

Fig. 15. Accessibility is accomplished by a successive application of
ﬁxed-orientation gradient ascent. The access path is represented by arrows.
Note that (q ) = H ( (q ); 1). If q , q both belong to the same junction
region J , then, by deﬁnition, they both access a connected component of
CF
. This means that there exists a path between q and q which lies
entirely in J .

Fig. 16. Free conﬁguration space is decomposed into junction regions. This
ﬁgure actually shows the “swept volume” of the junction regions.

B. Connectivity and Construction of the Convex-R Edge
the closest obstacles. Let Ci be the closest obstacle to the convex body
at a given conﬁguration q . Then, while maintaining a ﬁxed orientation,
the robot moves away from Ci until it is double equidistant with an
obstacle Cj , i.e., it follows the path deﬁned by the differential equation

r

c_ 1 (t) = ~ Di (c1 (t))

(13)

~ Di is the distance gradient projected onto the xy plane. Then
where r
the robot moves away from Ci and Cj while maintaining double
equidistance, until it becomes three-way equidistant, i.e., it follows
the path deﬁned by

c_ 2 (t) = T

CF

r~ Di (c2 (t))

(14)

where  is the projection operator. Then, as in the case of the rod, we
have the following results, whose proofs are identical to the case of the
planar rod [6].
Theorem 1 (Accessibility): In a bounded environment, the
convex-GVG has the accessibility property for all conﬁgurations
in the free conﬁguration space.
The functions c1 and c2 implicitly deﬁne the accessibility function
H (q; t). In other words, H is a mapping from F S 2 [0; 1] to [CFijk
that satisﬁes H (q; 0) = q , H (q; 1) 2 [CFijk , and (H (q; t)) = (q )
for all t 2 [0; 1]. We assume that the parameter t is scaled appropriately.
In general, H is not a continuous function, which can be seen easily
from the fact that there are multiple convex-GVG edges disconnected
from each other in a connected conﬁguration space. To “make H continuous,” we deﬁne the junction region Jijk , in the planar rod-HGVG,
as a pre-image of a convex-GVG edge CFijk under the accessibility
function H , i.e., the junction region Jijk is the set of conﬁgurations that
access the convex-GVG edge CFijk (Fig. 15), which can be written as
follows.
Deﬁnition 5 (Junction Regions):

f 2 SE (2) : H (q; 1) 2 CFijk g :

Jijk = q

(15)

Then it can be shown that H is continuous in a connected component
of a junction region Jijk , and therefore, CFijk can be viewed as the
deformation retract of Jijk under H . The proof of this is identical to
the case of the planar rod, which can be found in [6]. Note that the
union of the junction regions is the free conﬁguration space (Fig. 16),
which follows from Theorem 1. Two junction regions are said to be adjacent if they share a boundary, and we assume that the conﬁguration
on the shared boundary can access either convex-GVG edge. This implies that, if two junction regions are adjacent, there is a path (which
does not necessarily lie on convex-HGVG) between the convex-GVG
edges associated with those junction regions.

In this section, we prove the connectivity of the convex-HGVG,
which can be stated formally as follows.
Theorem 2 (Connectivity): Let qs and qg be two conﬁgurations in
free conﬁguration space, and H (qs ; 1) and H (qg ; 1) be the accessed
conﬁguration on convex-HGVG for qs and qg , respectively. Then, there
is a path between qs and qg , if and only if there exists a path between
H (qs ; 1) and H (qg ; 1) that lies entirely on convex-HGVG.
Note that if qs and qg belong to the same connected component of
junction region, then trivially, there is a path between H (qs ; 1) and
H (qg ; 1) on convex-HGVG, since H (qs ; 1) and H (qg ; 1) both belong
to the same connected component of a convex-HGVG edge. Therefore,
the central part of the proof is to show that convex-R edges connect two
convex-GVG edges associated with two adjacent junction regions. Our
strategy is to show that given a principal squeeze axis vk , the conﬁguration that satisﬁes the convex-R edge condition varies continuously as
the distance to the closest obstacle changes. Then we can “construct” a
path away from the conﬁguration m3 as the distance increases, until the
conﬁguration becomes three-way equidistant. First, we show that given
 2 , which is larger than the value D (m3 ) and a principal squeeze
axis vk , we can ﬁnd the conﬁgurations that satisfy the convex-R edge
condition. Note that there will be four such conﬁgurations, because the
robot can move in both directions away from m3 in two different orientations.
Lemma 1: Given a principal squeeze axis vk , a distance
 > D (m3 ), there are four conﬁgurations that satisfy the convex-R
edge condition, i.e., there are four conﬁgurations q such that
Di (q ) = Dj (q ) =  and hci (q ) 0 cj (q ); vk i = 0.
Proof: Recall that there are two convex-R edges associated with
Ci and Cj for a given principal squeeze axis vk , and as the robot travels
along the convex-R edges, there will be two conﬁgurations on each
of these two convex-R edges that satisfy Di (q ) = Dj (q ) =  . In
the following proof, we show that there is one conﬁguration on one
“side” of the one convex-R edge that satisﬁes the conditions speciﬁed
in the statement of the lemma. We show this by contradiction. Now
given a conﬁguration q on an convex-R edge with Di (q ) = Dj (q ) =
 , consider a robot whose outer boundary is expanded by  , so that
ri (q ) = ci (q ) and rj (q ) = cj (q ) for this expanded robot.2 Note that
for the extended shape, ci and cj do not change, and the vk is still
a principal squeeze axis. Let bk and tk be the top and bottom points
associated with the given principal squeeze axis vk , and let ci3 and cj3
be the closest points on Ci and Cj . Also let i (q ) be the angle between
2To be precise, we need to deﬁne a new conﬁguration space and a new symbol
for the conﬁguration of the expanded robot, but this will make the proof unnecessarily complex.
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the vector ci (q ) 0 cj (q ) and the tangent of the robot boundary at point
ci (q ) .
Now, assume that there are two conﬁgurations q1 and q2 on CFij
such that Di (q1 ) = Di (q2 ) =  , hci (q1 ) 0 cj (q1 ); vk i = 0, and
hci (q2 ) 0 cj (q2 ); vk i = 0. This implies that ci (q1 ) 0 cj (q1) and
ci (q2 ) 0 cj (q2 ) are both parallel to the vector tk 0 bk . Since the robot
is convex, kci (q1 ) 0 cj (q1 )k 6= kci (q2 ) 0 cj (q2 )k if q1 6= q2 . Assume,
without loss of generality, kci (q1 ) 0 cj (q1 )k > kci (q2 ) 0 cj (q2 )k. This
implies that the vector ci (q1 ) 0 cj (q1 ) is closer to the vector tk 0 bk
than ci (q2 ) 0 cj (q2 ), and in turn, this implies that i (q1 ) > i (q2 )
and j (q1 ) > j (q2 ).
Now we consider the locations of ci and cj on the boundary of the
obstacles. Note that at ci , the tangents of the robot boundary and the
obstacle boundary coincide. Therefore, i (q ) is also the angle between
the vector ci (q ) 0 cj (q ) and the tangent of the obstacle boundary
at point ci (q ). There are three possibilities: 1) ci (q1 ) = ci (q2 ); 2)
ci (q2 ) gets closer to ci3 than ci (q1 ); and 3) ci (q2 ) gets farther from ci3
than ci (q1 ). For cases 1) and 3), from the assumption, cj (q2 ) must be
closer to cj3 than cj (q1 ). Otherwise, from the convexity of the obstacles, kci (q1 ) 0 cj (q1 )k < kci (q2 ) 0 cj (q2 )k. This results in j (q2 ) >
j (q1 ), which is a contradiction. For case 2), again from the convexity
of the obstacles, i (q2 ) + j (q2 ) > i (q1 ) + j (q1 ), which is also
a contradiction. Therefore, there can be only one conﬁguration that
satisﬁes the convex-R edge condition, given  on one “side” of the
convex-R edge.
Lemma 2: Let q1 be a conﬁguration in CFijk and q2 be a conﬁguration in CFijl . If there exists a path s between q1 and q2 , then there
exists an convex-R edge Rij that connects CFijk and CFijl , i.e., the
union of CFijk , CFijl , and Rji is a connected set. In other words,
there is a path between H (q1 ; 1) and H (q2 ; 1) which lies completely
on convex-HGVG.
Proof: From the observation above, there is a saddle point m3
of the distance on CFij if there is a path between CFijk and CFijl ,
and m3 is in Rij . We now show that we can grow the convex-R edge
from m3 in both directions as we increase the distance from the obstacles. First, take a small neighborhood B (m3 ), then since Rij is a 1-D
manifold, it contains some conﬁgurations in Rij , and since the m3 is
a saddle point, and there is only one unique conﬁguration with distance Di (m3 ) on Rij (Lemma 1), there must be a conﬁguration q1 in
B (m3 ) with Di (q1 ) > Di (m3 ). Now consider a neighborhood B (q1 )
of q1 . Using a similar argument, it contains a conﬁguration q2 such
that Di (q2 ) > Di (q1 ). Therefore, the distance to the closest obstacles
monotonically increases as the robot moves away from the saddle point
m3 , and since the environment is bounded, the convex-R edge Rij terminates at a three-way equidistant conﬁguration.
Finally, we prove Theorem 2.
Proof: If there is a path between H (qs ; 1) and H (qg ; 1) which
lies entirely on convex-HGVG, then it is obvious that there exists a path
between qs and qg , since there exist paths between qs and H (qs ; 1) and
between qg and H (qg ; 1), from accessibility.
Now, assume there exists a path c(t) between qs and qg , i.e., c 2 C 0 ,
c(0) = qs , c(1) = qg , and c(t) are in free conﬁguration space for all
t 2 [0; 1]. As noted above, if qs and qg belong to a same connected
component of a junction region, it is trivial.
Now assume that qs and qg belongs to two different junction regions. Let us denote qs as q0 and qg as qn+1 , and let J0 and Jn+1
be the junction regions that contain q0 and qn+1 , respectively. Also, let
J0 ; J1 ; J2 ; . . . ; Jn ; Jn+1 be the sequence of the junction regions that
the path c(t) passes through. Then Ji and Ji+1 (for i = 0 to n) are
adjacent to each other. Let qi be a conﬁguration on c(t) which is contained in the junction region Ji , and let H (qi ; 1) be the accessed conﬁguration on convex-HGVG for qi . Then, since Ji and Ji+1 are adjacent to each other, from Lemma 2, there exists a path between H (qi ; 1)
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and H (qi+1 ; 1) which lies on convex-HGVG. This implies there exists
a path between H (qs ; 1) and H (qg ; 1) on convex-HGVG, which is a
concatenation of the paths between H (qi ; 1) and H (qi+1 ; 1) for i = 0
to n.
V. CONCLUSION
This paper introduces a new roadmap called the convex-HGVG
for a convex body operating in a 2-D workspace. The convex-HGVG
is deﬁned in terms of workspace-distance information, which is
within line of sight of the robot and thus can be implemented in a
sensor-based manner. The convex-HGVG comprises two components:
1) convex-GVG edges, which are three-way equidistant; and 2)
convex-R edges, which are two-way equidistant paths that connect
disconnected convex-GVG edges. The use of R edges was inspired
by the rod-HGVG, where the rod is tangent to a point-GVG structure.
However, in this paper, using the principal squeeze axis, we generalized the deﬁnition of tangency for convex bodies.
We chose this deﬁnition because SE (2), with arbitrary holes
removed from it, does not have a 1-D deformation retract. Instead,
we break down SE (2) into contractible regions, each having its own
convex-GVG, and connect the regions with convex-R edges. What is
interesting here is that convex-R edges are essentially a topological
representation of the workspace, but we are using them to infer
topological properties of the conﬁguration space.
Since this roadmap is deﬁned in terms of workspace-distance
information, we can prescribe a sensor-based incremental method to
construct the convex-HGVG edges without constructing the conﬁguration space, which is important for sensor-based planning, since the
conﬁguration space cannot be constructed without the prior knowledge
about the workspace. Furthermore, the convex-HGVG can be seen as a
collection of edges and nodes, where the edges are either convex-GVG
edges or convex-R edges, and the nodes are the meet conﬁgurations
(i.e., intersection of two convex-GVG edges) or the conﬁguration
where a convex-GVG edge and a convex-R edge intersect. Therefore,
the incremental construction method induces a reactive control law for
the robot to explore an unknown conﬁguration space, i.e., the robot
can invoke the appropriate control law (edge-tracing procedure) for
each type of edge, and choose which edges to explore on each node.
As we mentioned before, this paper is a step toward the ultimate
goal of sensor-based planning for an articulated multibody robot, which
can be modeled as multiple rods or convex bodies connected together.
The next step in this chain of research is to extend the current result to
a convex body operating in a 3-D workspace and a two-convex body
operating in a 2-D and 3-D workspace.
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Robot Steering With Spectral Image Information
Christopher Ackerman and Laurent Itti
Abstract—We introduce a method for rapidly classifying visual scenes
globally along a small number of navigationally relevant dimensions: depth
of scene, presence of obstacles, path versus nonpath, and orientation of
path. We show that the algorithm reliably classiﬁes scenes in terms of these
high-level features, based on global or coarsely localized spectral analysis
analogous to early-stage biological vision. We use this analysis to implement
a real-time visual navigational system on a mobile robot, trained online by
a human operator. We demonstrate successful training and subsequent autonomous path following for two different outdoor environments, a running track and a concrete trail. Our success with this technique suggests a
general applicability to autonomous robot navigation in a variety of environments.
Index Terms—Autonomous robot, Fourier transform, gist of a scene, navigation, path following, vision.

I. INTRODUCTION
Previous use of vision for robot navigation has often assumed a
known or otherwise highly constrained environment [1]. In particular,
successful autonomous indoor and outdoor navigation has been demonstrated with model-based approaches, where a robot compares a manually speciﬁed or learned geometric model of the world to its sensory
inputs [2]. However, these approaches are limited by design to environments amenable to geometric modeling, and where reliable landmark
points are available for model matching [3], [4].
Model-free or mapless algorithms have been proposed to address
these limitations. In “view-based” mapless approaches, scene snapshots and associated motor commands are memorized along a route
during training. During autonomous navigation, incoming images
are matched against learned ones, to look up motor commands [5].
Images of the training environment may be stored explicitly and
matched against new inputs by cross-correlation [6]. Effective in small
environments, such approaches tend to generalize poorly (new scenes
must correlate with learned ones), and require prohibitive memory and
computation in larger environments. To alleviate these requirements,
learned information may be implicitly stored in the weights of a trained
neural network; typically, then, images are ﬁrst reduced to a few landmark or characteristic regions, to reduce network complexity [7], [8].
Finally, computationally expensive algorithms involving much image
processing and segmentation [9], including texture recognition [10],
[11], stereo vision [12], or large rule sets [13] have been proposed to
understand the environment. Although less explicit than model-based
approaches, these algorithms also tend to incorporate a high degree
of world knowledge and assumed environmental structure through
design and tuning of feature detectors and rule bases. Here we take
inspiration from biological vision in developing a mapless system with
low memory, computation, and world-knowledge requirements.
The early stages of visual processing in the primate (including
human) brain are believed, in a ﬁrst approximation, to be organized in
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