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Abstract— This paper presents a method for a planar rigid
body consisting of multiple convex bodies to explore an unknown
planar workspace, i.e., an unknown configuration space diffeomorphic to SE(2). This method is based on a roadmap termed
concave hierarchical generalized Voronoi graph (concave-HGVG).
Just as in our previous work, we decompose the free configuration
space into contractible cells in which we define the concave
generalized Voronoi graphs (concave-GVG), and then connect
these graphs using an additional structure termed one-tangent
edges. Since the robot consists of multiple convex bodies, the
one-tangent edges are defined using the diameter function of the
convex hull of the convex bodies as well as the individual convex
bodies. These two structures together form the concave-HGVG,
which is a one-dimensional roadmap of the multi-convex bodies
in plane. Both components are defined in terms of workspace
distance measurement, and thus the concave-HGVG can readily
be constructed in a sensor-based way.

I. I NTRODUCTION
This work considers sensor-based planning for a robot
operating in a non-Euclidean configuration space. It is a
step towards the ultimate goal of sensor-based planning for
highly articulated bodies. Previously, the authors considered
the planning problem for the point [5], [6] and rod-shaped
robots operating in two- or three-dimensional workspaces
[14], [8], as well as a convex body operating in a twodimensional workspace[13]. As a next step, this work considers the planning for robot with a more general shape in
a planar environment. More specifically, we consider a rigid
planar body that can be represented as a union of a set of
convex bodies, which we term multi-convex rigid bodies.
The main contribution of this work is a new roadmap termed
concave hierarchical generalized Voronoi graph (concaveHGVG). Recall that a roadmap is a one-dimensional structure
in the configuration space which has the following three properties: accessibility, connectivity, and departibility. A planner
uses a roadmap to plan a path between two confgurations in
three steps: plan a path onto the roadmap (accessibility); plan
a path along the roadmap (connectivity); and plan a path from
the roadmap (departability) [2].
The configuration space for a rigid body operating in R2
is three-dimensional and diffeomorphic to SE(2) ≈ R2 × S.
Since it is not possible to define a one-dimensional deformation retract of the free configuration space with dimension
three, we decompose the configuration space into contractible
sets and, in each cell, define a retract termed concave-GVG
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edges. Naturally, these retracts are not connected each other;
to connect these retracts, we define another structure, termed
one-tangent edges, which are defined using the geometry of
each of the convex bodies or the union of two of convex
bodies that comprise the multi-convex body. The union of
the concave-GVG edges and the one-tangent edges form
the concave-HGVG. Since both components of the concaveHGVG are defined using the workspace distance measurement,
and equidistance relationship, the planner does not need to
compute the decomposition explicitly, and can construct the
concave-HGVG incrementally as it explores the space. The
basic idea in defining these edges is that even if the robot
consists of many convex bodies, to generate the path locally,
the planner only need to consider the convex bodies that are
close to the obstacles, just as the planner does not need to
consider the obstacles that are far from the current robot
configuration. Since these edges are defined in terms of
the workspace distance measurement, the connectivity of the
whole structure, i.e., the concave-HGVG, is guaranteed from
the connectivity of the workspace.
The outline of the paper is as follows. In Section II, we
review the prior work related to this paper. Section III defines
the concave-HGVG and Section IV discusses the roadmap
properties of the concave-HGVG. Finally, in Section V, we
summarize the results and discuss the future directions.
II. R ELATED P RIOR WORK
This work is one step towards the ultimate goal of sensorbased planning for highly articulated bodies and one of the
series of the roadmaps using the ideas based on the generalized Voronoi diagram (GVD). The GVD is defined as the
set of points equidistant to two obstacles (Figure 1 (left)).
Ó’Dúnlaing and Yap [17] first applied the GVD to the robot
motion planning. They showed that the GVD is a deformation
retract of the free space in R2 , and thus has the property
of the accessibility, connectivity and departability. In other
words, the GVD is a roadmap for the point robot in the plane.
They applied GVD to path planning for a disk-shaped robot
operating in the plane, however, their result required the full
knowledge of the workspace.
Choset and Burdick [4], [3] extended the GVD into three
dimensions by defining the generalized Voronoi graph (GVG)
which is the set of points equidistant to three obstacles. The
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GVG, by itself, is not connected in general and thus additional
structures, called higher order GVG’s were introduced, yielding a connected roadmap called the hierarchical generalized
Voronoi graph (HGVG).
The next step in this line of research is to consider a rodshaped robot. A rod is a line segment with a notion of direction. Early approaches [1], [9], [10], [16] which considered
the rod or the polygonal/polyhedral bodies are, in general,
restricted to the environments with polygonal or polyhedral
obstacles and also require a full knowledge of the environment.
Contrary to our method, most of the earlier works do not
guarantee the connectivity of the roadmap since they employ
some heuristics to connect the disconnected components.
Choset et al. [7], [8] defined a roadmap, termed the rod
hierarchical generalized Voronoi graph (rod-HGVG, Figure 1
(center)), for rod-shaped robots operating in the plane. The
authors extended this result for the convex body operating in
the plane [13], resulting in the convex hierarchical generalized
Voronoi graph (convex-HGVG) which is the basis of the
current work (Figure 1 (right)) in this paper.
It is also worth noting that Lin et al. [11], [12], [18]
and others developed the algorithms that combine generalized
Voronoi graph with a probabilistic method to define a roadmap
for the rigid bodies in two and three dimensional spaces.
III. C ONCAVE H IERARCHICAL VORONOI G RAPH
D EFINITIONS
This work considers the concave bodies that can be represented as the union of a finite number convex bodies. Since the
concave-HGVG is defined in terms of the workspace distance,
it is necessary to consider the local geometry of the concave
body, and thus it is reasonable to model the concave body as
the union of the convex bodies. Moreover, this approach is
a stepping stone for the planning of the snake robots, since
the snake robots can be modelled as multiple convex links
connected together.
A. Definitions
The rigid planar body is assumed to operate in a bounded
planar environment, populated by obstacles. The configuration

space for the rigid planar body operating in a plane is threedimensional, and diffeomorphic to SE(2). We assume that the
obstacles are a union of finite number of convex obstacles.
The robot is denoted as R and is represented as the union
of the convex bodies Ra (a = 1, . . . , n)1 . We assume that
there is a series of range sensors along the boundary of the
robot. Let q be the configuration of the robot, which can be
parametrized as (x, y, θ). Let R(q) be the workspace volume
occupied by the robot at the configuration q, and Ra (q) be
the workspace volume occupied by the convex body Ra at the
configuration q. Also, let Ci denote the workspace obstacles,
and F CS be the free configuration space, i.e., F CS = {q ∈
SE(2) : Ra (q) ∩ Ci = ∅ ∀a and i}.
The distance between a convex body of the robot and an
obstacle is defined as follows (Figure 2).
Dia (q) =

min

x∈Ra (q),c∈Ci

x − c,

(1)

that is, Dia (q) is the workspace distance between the convexbody Ra and the obstacle Ci . Let ria and cai be the closest
points on the convex-body Ra and the obstacle Ci , respectively. Note that we do not define the distance between the
whole concave body R and a obstacle Ci .
The components of the concave-HGVG are defined using
equidistance relationships based on the distance function defined above. The two-equidistant surface is defined as
Definition 1 (Two-equidistant surface):
CFijab

=

{q ∈ F CS : 0 ≤ Dia (q) = Djb (q) ≤ Dkc (q)
for all (k, c) = (i, a), (j, b),
and ∇Dia (q) = ∇Djb (q)},

(2)

where ∇Dia (q) denotes the gradient of the distance function
[13]. The condition ∇Dia (q) = ∇Djb (q) is required to guarantee that CFijab is indeed a two dimensional manifold.
We term (i, a) = (k, c) if and only if i = k and a = c. This
means that there can be a two-equidistant face of the form
Ciiab , i.e., the robot is two-equidistant to a single obstacle Ci .
Note that even when the two-equidistant surface is defined by
one obstacle, it is still two-dimensional. Also note that if a = b
1 The indices i, j, k, . . . are used for the workspace obstacles, and the indices
a, b, c, . . . are used for the convex bodies consisting the robot

3482

q = (x, y, θ)
(x, y)
Dia (q) = cai −

R

a

cai
Ci

R

θ

ra
ria  i

Ck

Rb
cbi

rib
b
Di (q) =

a

Ci

Rb
q2

q1

q3

Cj

Cl

cbi − rib 

O
Fig. 2.
The robot configuration and the distance function. The robot
configuration q can be parameterized by (x, y, θ). The distance Dia between
the convex body Ra and the convex obstacle Ci is defined as the minimum
distance between two sets Ra and Ci . The distance Cib between the convex
body Rb and Ci is similarly defined. Note that if Dia and Dib have same
values, then the configuration q is defined to be double equidistant to the
obstacle Ci .

Fig. 3. The L-shaped robot travels between the two parallel walls. All
abb .
configurations shown in the figure belong to the two-equidistant face CFijj
abb and
The configuration q1 lies on the intersection of the GVG edges CFijj
aaa , and the configuration q lies on the intersection of the GVG edges
CFijk
3
abb and CF aab . That is, the two GVG edges CF aaa and CF aab are
CFijj
ijl
ijk
ijl
abb . It is easy to see that there is no
connected by another GVG edge CFijj
aaa and CF aab .
one-tangent connecting CFijk
ijl

q
Ra

for CFijab , then this means that the one of the convex bodies in
the robot is closer to the two obstacles than any other convex
bodies in the robot.
B. GVG Edges
Since the planar body has three degrees of freedom, the
concave-GVG edge is naturally defined with three-equidistant
configurations. In other words, the concave-GVG edge can be
defined as the intersection of the two-equidistant surface.
Definition 2 (Concave-GVG edges):
abc
bc
ac
CFijk
= CFijab ∩ CFjk
∩ CFik
.
(3)
See Figure 10.1 for an example of the concave-GVG edges. It
is possible that we have a = b or b = c, or even a = b = c. If
a = b = c, this means that along the convex-GVG edge, one
of the convex bodies is closest to the three obstacles. Such
an edge looks like a GVG edge for a single convex body
robot[13]. Also, it is possible that i = j, or i = k; that is, the
robot can be three-way equidistant to two obstacles. As we
can see in Figure 3, it is necessary to trace the concave-GVG
edges defined by less than three obstacles, to guarantee the
connectivity of the concave-HGVG.
Actually, the robot cannot determine the number of the
convex workspace obstacles that it is closest to. The robot
determines that it is three-way equidistant by comparing the
values of the sensor reading along the boundary of the robot.
The number of the local minima determines the number of the
obstacles that the robot “sees”, and three of the local minima
has same value, and the robot decides that it is three-way
equidistant to the three obstacles. However, we assume that
it is not possible to have the concave-GVG edges formed by
one obstacle, that is, it is not possible to have the concaveabc
GVG edge of the form CFiii
, since it could result in a two
dimensional structure (Figure 4). With this assumption, the
concave-GVG edge is in general one-dimensional.
The concave-GVG edges can intersect each other, forming
the meet configurations. That is, a meet configuration is a four-
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Fig. 4. The robot consists of four convex bodies. The configuration q lies on
abd , and from the configuration q, and any translational
the GVG edge CFiii
abd . That is the GVG
motion would leave the robot on the GVG edge CFiii
abd is two dimensional.
edge CFiii

way equidistant configuration. Again, the meet configuration
can be formed by less than four obstacles.
Since the concave-GVG edge is defined in terms of
workspace distance measurement, it can be readily constructed
in a sensor-based way, using a curve tracing method described
in [6]. The robot terminates tracing a concave-GVG edge if it
reaches a meet configuration or a boundary configuration (i.e.,
a configuration where the distance to the closest obstacles are
zero). When the robot reaches a meet configuration, it chooses
an untraced concave-GVG edge and begins tracing it. If all
edges are traced or the robot reaches a boundary configuration,
it returns to a next meet configuration with unexplored edges,
and traces them.
C. One-tangent Edges
As in the planar rod-HGVG and the convex-HGVG, the
concave-GVG is not connected in general in a connected free
configuration space. To connect the disconnected concaveGVG edges, we use the two-equidistant structure, termed onetangent edges.
Recall that the set of the two equidistant configuration
is two-dimensional, and thus, to form a one-dimensional
structure, we need an additional constraint. To provide the
additional constraint, we use the diameter function (or radius
function [15]) and the principal axes.
First, we discuss the diameter function and the principal axis
for a convex body R. Let N be the unit vector in a reference
direction and θ be the orientation of the body R with respect
to N . Then, the value of diameter function h : S 1 → R is
3483

t(θ)
θ

Ci

k
vab

h(θ)
b(θ)

d

defined to be maxt,b∈R(θ) (t − b) · N , where R(θ) is the set
of the points occupied by a convex set R oriented at θ. We
call the two points t and b that determines the value of h(θ)
at given orientation as top and bottom points (Figure 5).
Then, we use the local minima of the diameter function to
define the principal axes. Let t : S 1 → R2 and b : S 1 →
R2 the top and bottom points on a the body in a body-fixed
coordinate frame for a given orientation. Let {θi∗ } be the set
orientations where the diameter function h obtains minimal
values. A principal axis vi is the unit vector that is normal to
the vector (t(θi∗ ) − b(θi∗ )).
For the concave body, the diameter function and the principal axis can be similarly defined, except that for a given
principal axis, the points t and b may not be uniquely defined.
Actually, it is not difficult to see that the value of the diameter
function is the same for a concave body and the convex hull
of the concave body.
Now, for the convex-HGVG, the one-tangent edge was
defined using the principal axis so that the resulting onetangent edge is a path between two three-way equidistant
edges which maxmizes the minimum distance along the path
(see [13] for detail.) Naively we could define the principal
axis using the diameter function of the whole concave body,
or of the convex hull of the concave body (which is actually
same). However, for the multi-convex bodies, this idea does
not result in a correct definition of the one-tangent edges, as
we can see from the examples in Figure 6 and Figure 7. From
these examples, it is clear that, to define one-tangent edge for
the multi-convex bodies, we need to consider the convex hull
of the union of the convex bodies in the multi-convex body
as well as the individual convex bodies.
Since we define the one-tangent edges as two-way equidistant paths, we only need to at most two convex bodies in
defining the one-tangent edges. Thus, in defining one-tangent
edges for the concave body, we only need to consider the
diameter function of the union of two of convex bodies inside
the concave body as well as the diameter function of each of
the convex bodies.
Now we define the one-tangent formally. Let vkab denote a
principal axis, defined by the convex bodies Ra and Rb , where
the index a and b could be the same. The index k is used since
there can be multiple principal axes for a convex body or for
the union of two convex bodies. Then, the definition of the
one-tangent edge is essentially same as that of the convex
one-tangent edge, i.e.,

vak
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Fig. 5. Diameter function h(θ). The top (point t) and bottom (point b)
determine the value of h(θ).
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Fig. 6. L-shaped robot passing through a small gap. (a) L-shaped robot and
two obstacles. The width of the convex bodies Ra and Rb at one end is δ
and the gap between Ci and Cj is δ +  ( ≈ 0). Clearly the robot can pass
through the gap between two obstacles even if the convex hull of the robot
k by the whole concave
cannot. However, using the principal axis defined vab
body, the robot cannot align itself correctly to pass through the gap. Instead,
by using the principal axis defined by each body, the robot can travel from
the one side to the other side: (b) The robot traces the two-equidistance path,
aligning itself using the principal axis defined by the body Ra . (c) At the
configuration q2 , the robot becomes three-way equidistant, that is Dia (q2 ) =
abb to travel
Dja (q2 ) = Djb (q2 ). Thus, the robot traces the GVG edge CFiij
through (q2 , q3 , and q4 ). At q4 , the robot begins to trace the two-equidistant
path using the body Rb , to the configuration q5 . Note that the configurations
q2 and q4 are not actually the end points of the GVG edge.
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Fig. 7. The robot with six convex bodies. To enter the gap between the
obstacles Ci and Cj , the robot first only needs to align itself using the
principal axis defined by the bodies Ra and Rb , and trace the two-way
equidistant path. To go through the gap, the robot needs to consider various
combination of the convex bodies comprising the robot, but does not need to
consider more than four of them at the same time. To exit from the gap, the
robot only needs to use the body Rf , without considering the other convex
bodies.

Definition 3 (One-tangent edge):
ab
= {q ∈ CFijab | ci (q)− cj (q), vkab = 0 for some k}, (4)
Rij

where ci (q) and cj (q) are the closest points on Ci and Cj ,
repsectively, and ·, · denotes the inner product. See Figure
10.2 for an example of the one-tangent edges.
It turns out that we need another type of two-way equidistant
edges. First consider the following example in Figure 8. For
the robot to move from the configuration q to the configuration
q  , it must trace a two-way equidistant path defined by the
obstacle C6 and the convex bodies Rb and Rc . However,
according to the definition of the one-tangent edge given
above, there is no one-tangent that makes this motion possible.
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Fig. 8. The robot consists of five convex bodies (only relevant ones are
abc ) to
labelled). For the robot to move from the configuration q1 (∈ CF166
bbc ), the robot need to trace a two-way equidistant path (drawn in
q2 (∈ CF566
dotted lines) defined by the obstacle C6 and the convex bodies Rb and Rc .
However, the principal axis defined by the body Rb and Rc is, in the figure,
is vertical direction, and thus, the robot cannot orient itself correctly using
the principal axis to make the motion.
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Fig. 9. The gap axis uad
k is defined by the convex bodies Ra and Rd . The
points r a∗ and r d∗ are the closests point on the convex bodies. The gap axis
a∗ and r a∗ , respectively.
uad
k is parallel to the tangents of Ra and Rd at r

GVG-edges, there is a two-way equidistant path so that the
obstacle passes through the gap between the convex bodies,
ab
that connect the
there must be a dual one-tangent edge Zij
ab
,
two GVG-edges. Note that, for the dual one-tangent edge Zij
a
b
the convex body R and R cannot be the same. However, Ci
and Cj could be the same or be different from each other.
Since the point ci can easily computed from the sensor
reading, and vkab is known from the geometry of the robot,
the one-tangent edges can be readily constructed using only
sensor information by the method described in [13]. While
tracing a concave-GVG edge, the planner checks if the robot
lies on the intersection of the concave-GVG edge and a onetangent edge. Then, after tracing the current concave-GVG
edge, the robot backtraces the concave-GVG edge to the point
of intersection, and begins tracing the one-tangent edge. A
one-tangent edge terminates on either a three-way equidistant
configuration or a boundary configuration (i.e., a configuration
where the distance to the two closest obstacles are zero). From
the three-way equidistant configuration, which, by definition,
on a GVG edge, the robot begin tracing the GVG-edge.
Then the concave-HGVG, denoted by G is defined as the
union of the concave-GVG edges and the one-tangent edges,
i.e.:
Definition 5 (Concave-HGVG):
ab
ab
G = (∪CFijab ) ∪ (∪Rij
) ∪ (∪Zij
)
(6)
Figures 10, 11 show some examples of the concave-HGVG
in simple environments.

IV. ROADMAP P ROPERTIES OF THE C ONCAVE -HGVG
The problem here is, to make the desired motion possible, the
planner need to plan a path as if the obstacle C6 is passing
through the convex bodies Ra and Re ; that is, the planner
need to consider the convex obstacle as the robot, and the
convex bodies of the robot as the convex obstacles. This would
be possible if the planner has the prior information of the
obstacles, which is not the case in this work. That is, the
planner cannot have the principal axes of the obstacles prior
to exploration.
To fix this situation, we introduce another type of onetangent edge, which is a slight modification of the one-tangent
edge given above. First, instead of the principal axis defined
using the obstacle geometry, we introduce the gap axis, defined
by the convex bodies of the robot. Let Ra and Rb be the two
convex bodies, whose relative position is fixed. Let ra∗ and
rb∗ be the closest points on Ra and Rb between them. Then,
the gap axis uab
k is defined as the vector normal to the line
segment connecting ra∗ and rb∗ (Figure 9).
Then the dual one-tangent edge using this gap axis uab
k is
defined as
Definition 4 (Dual one-tangent edges):
ab
= {q ∈ CFijab : uab
(5)
Zij
k , ri − rj = 0}.
ab
can be
As the name suggests, the dual one-tangent edge Zij
ab
. Because of
thought as a dual of the one-tangent edge Rij
the way it is defined, it can be shown that if, between two

In this section, we show that the convex-HGVG defined in
the previous section indeed satisfies the roadmap properties.
Recall that the roadmap has three properties: accessibility,
departibility and connectivity. The accessibility means that
there is a path from an arbitrary configuration in the free
configuration onto the concave-HGVG, and the departibility is
the reverse of the accessibility. The connectivity means that if
the free configuration space is connected, the concave-HGVG
is connected also.
For the accessibility, we use a series of the fixed-orientation
gradient ascent operations from the closest obstacles, as in the
convex-HGVG [13]. It can be proven that after the gradient
ascent operation, the robot reaches a three-way confguration,
which is an element of a concave-GVG edge. This gradient
ascent operation implicitly defines a function H. That is, for
abc
an arbitrary configuration q, H(q) ∈ ∪CFijk
.
Also, as in convex-HGVG, we define the junction region
abc
abc
Jijk
as a pre-image of a concave-GVG edge CFijk
under
the accessibility function. That is
abc
abc
= {q ∈ F CS : H(q) ∈ CFijk
}.
Jijk

(7)

The junction regions define an exact celluar decomposition
of the free configuration space, and since it can be shown
that the accessibility function H is continuous in a connected
component of a junction region, a concave-GVG edge is
a deformation retract of a junction region. These retracts,
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(1) GVG edges

(2) One-tangent edges

(3) Concave-HGVG

Fig. 10. The placements of the robot along the concave-HGVG. The robot consists of four convex bodies. The dark lines represent the trajectory of the
reference point on the robot.

(1) GVG edges

(2) One-tangent edges

(3) Concave-HGVG

Fig. 11. The placements of the robot along the concave-HGVG. The robot consists of four convex bodies. The dark lines represent the trajectory of the
reference point on the robot.

however, are not in general, connected to each other, and that
is why we need the one-tangent edges. Our goal is to show
that these retracts together with the one-tangent edges, i.e., the
concave-HGVG forms a connected set.
First, we decompose the concave-HGVG in two parts,
depending on how many concave bodies are closest to the
obstacles on a given configuration on the concave-HGVG.
More specifically, we decompose the concave-HGVG into the
components where the closest convex body is unique and the
components where there are more than one closest convex
bodies.
We are going to use the structure of the convex-HGVG to
understand the components of the concave-HGVG that has
a unique closest obstacle. Note that if a configuration on
the concave-HGVG has a unique closest convex body, then
this is also an element of the convex-HGVG for the convex
body. Thus, we first consider the convex-GVG edges for the
individual convex bodies Ra of the concave body. Note that
the free configuration space of Ra can also be parametrized by
(x, y, θ). Moreover, without loss of generality, we can fix the
reference point of Ra at the reference point of R (possibly
lying outside of Ra ). Then clearly, if at a configuration q,
Ra (q) intersects a obstacle, then R(q) also intersects the
obstacle. From this we can consider the free configuration
space F CS of R as a subset of the free configuration space
F CS a of Ra . Then, it follows that the free configuration
space is a subset of the union of F CS a ’s for all Ra . Recall
that we are assuming the the free configuration space F CS

is connected. Therefore, without loss of generality, we can
assume each of F CS a is connected also 2 .
First, let’s fix some notations, and make some observations.
Let Ga be the convex-HGVG of a given convex body Ra , and
let GGa and GRa be the union of the GVG edges and the
union of the one-tangent edges of the Ga , respectively. Also
let Gav be the set Ga ∩ F CS, i.e., the portions of the convexHGVG defined by Ra , lying in the free configuration space
of the concave body. Finally, let GGav and GRva be the GVG
edges and the one-tangent edges of Gav . Then the concaveHGVG is represented as G = Gm ∪ (∪a Gav ), where Gm =
G − (∪a Gav ). That is, the set Gm is the set of the concaveHGVG edges that are defined by more than one convex body.
Also, let GGm and GRm be the concave-GVG edges and the
one-tangent edges of the Gm . Note that, by assumption, Ga
is connected. However, the set Gav = Ga ∩ F CS may not be
connected.
We consider the boundary components of GGav and GRva .
The boundary components of GGav contain the boundary
configurations (where the distance to the closest obstacle is
zero) and the configurations where more than one convex
bodies are closest to the obstacles. This means that the GGav is
connected to the components of the set Gm . This configuration
is, by definition, a meet configuration, defined by more than
one convex body. The boundary components of GRva contain
2 Actually, F CS a could be disconnected even if F CS were connected.
However, in that case, we could just consider the connected component of
F CS a that contains the F CS.
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the boundary configurations, and the three-way equidistant
configurations defined by either one convex body (i.e., the
configurations lying on GGa ) or two convex bodies (i.e., the
configurations lying on GGm ). As before, this means that the
GRva is connected to the components of the set Gm . Note
a
that neither GGav nor GRva intersects the set GRm
, i.e., the
one-tangent edges defined by two convex bodies.
Now, to show the connectivity, we need to show that if
there is a path between the two arbitrary configurations q1
and q2 in the free configuration space, there is also a path
between these two configurations along the concave-HGVG.
From the accessibility, we can assume the configurations q1
and q2 lie on the concave-GVG edges. Moreover we can
assume that the junction regions of these concave-GVG edges
are adjacent, i.e., share a common boundary, and show that
there is a path pij (t) along the concave-HGVG between q1
and q2 . If these two junction regions are not adjacent, then to
find a path between them, we can just concatenate the paths
pij (t)’s between the adjacent junction regions together with
the GVG-edges, which, by definition, is a connected set in a
connected components of the junction region. Thus, from now
on, we consider only adjacent junction regions, and drop the
indices for the path p(t).
Let J(i) 3 and J(j) be two adjacent junction regions, i.e, J(i)
and J(j) share a common boundary. This means that there
is a path between CF(i) and CF(j) . Then, as in [13], by
applying gradient ascent from the closest obstacle, a two-way
equidistant path p(t) (t ∈ [0, 1]) can be obtained. Thus, we
can assume that if two junctions are adjacent to each other,
there is a two-way equidistant path between the retracts, i.e.,
the concave-GVG edges, of the junction regions.
Thus our goal is to show that, if there is a two-way
equidistant path between two concave-GVG edges, they also
are connected by a components of the convex-HGVG.
We consider three different cases depending on the number
of the closest obstacles and the number of the closest convex
bodies along the path p(t). Note that the number of the closest
obstacles can be assume to be constant along the path p(t).
Otherwise, it implies that there is a three-way equidistant
configuration q on the path p(t), and then we can consider
the two paths from p(0) to q and q to p(t).
Now, the path p(t) can be formed between (i) two obstacles
and one convex body (i.e., p(t) lies on CFijaa ) (ii) two
obstacles and two convex bodies (p(t) lies on CFijab ), or (iii)
one obstacle and two convex bodies (p(t) lies on CFiiab ).
For case (i), where the path p(t) is defined by one convex
body, and following a result from the convex-HGVG, there
must be a one-tangent edge connecting two convex-GVG
edges, defined by the convex body. Now, these two convexGVG edges are the elements of GGa , and may not entirely lie
in the concave-HGVG, and the point of intersection between
the convex-GVG edges and the one-tangent edge found above
may not lie in the concave-HGVG either. However, if this is
the case, this just implies that the one-tangent edge intersects
3 The

abc .
subscript (i) represents a three-index set, for example J(i) = Jkjl

Ci
Ck

Rb
Cj

Cl

Ra

Ra
Cl

Ck

Ci
Cj
Rb

Fig. 12. The robot travels from the concave-GVG edge defined by obstacles
Ci , Cj and Ck and convex to the concave-GVG edge defined by Ci , Cj and
ab . (Left) The robot moves
Cl , along the two-way equidistant path on CFij
between two obstacles. (Right) The two convex bodies of the robot envelope
the closest obstacles as it travels on a two-way equidistant path.

some concave-GVG edge defined by the two closest obstacles
and the convex body defining the p(t), together with some
other obstacle or other convex-body, which is connected to
the convex-GVG edges.
For the case (ii), there are three subcases: (ii(a)) the convex
hull of Ra and Rb passes through the gap between the
obstacles Ci and Cj along p(t) (Figure 12 (left)), (ii(b)) the
convex bodies Ra and Rb envelope the obstacles Ci and Cj ;
that is, the convex hull of Ci and Cj can be seen as passing
through the gap between the convex bodies Ra and Rb along
p(t) (Figure 12 (right)), (ii(c)) other cases, that is, the convex
bodies Ra and Rb “pass over” the obstacles Ci and Cj (Figure
13). These notion can be defined more formally as follows.
First we define some notations. Let c∗i and c∗j be the closest
points on Ci and Cj respectively, between Ci and Cj . Likewise
ra∗ (q) and rb∗ (q) be the closest points between Ra and Rb on
them, when the robot is at configuration q 4 . Then we can say
the convex hull Cij of Ci and Cj passes through Ra and Rb ,
if for all point x in Cij , there is t ∈ [0, 1] so that the point x
lies on the line segment connecting ra∗ (p(t)) and ra∗ (p(t)),
and Cij “lies on the opposite sides”5 of the line connecting
ra∗ (p(t)) and ra∗ (p(t)) at t = 0 and t = 1. The case (ii(b))
can be defined similarly. Then for the case (ii(a)), we can
simply consider the convex hull of Ra and Rb , and can find a
one-tangent edge define by the convex hull of Ra and Rb , and
the obstacles Ci and Cj . For the case (ii(b)), we can find a
ab
dual one-tangent edge Zij
by considering the convex hull of
the obstacles Ci and Cj . For case (ii(c)), we can actually find
a three-way equidistant path by applying the gradient ascent
to the path p(t). That is, the two concave-GVG edges are
connected by another concave-GVG edge.
Finally, for the case (iii), there are two subcases: (iii(a))
the obstacle “passes through the gap between ” Ra and Rb
(Figure 14 (left)), and (iii(b)) the obstacle passes over the
convex bodies Ra and Rb (Figure 14 (right)). Then the case
(iii(a)) is essentially identical to the case (ii(b)), and the case
(iii(b)) is essnetially identical to the case (ii(c)).
Thus, we can conclude that if there is a path between the
two concave-GVG edges, they are connected either by a one4 Note that these points are fixed on the convex bodies, but can move relative
to the world coordinate as the robot moves.
5 Imagine as if the convex obstacles have been moved relative to the fixed
robot.
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concave-HGVGs for the concave bodies at those joint angles
would form a backbone of the roadmap for the two-body,
but naturally, those concave-HGVGs will not be connected
together, and the major problem for two-body problem is to
define new structures to connect those disconnected concaveHGVGs.
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Fig. 13. The robot travels from the concave-GVG edge defined by obstacles
Ci , Cj and Ck and convex to the concave-GVG edge defined by Ci , Cj and
ab . The two convex bodies
Cl , along the two-way equidistant path on CFij
moves “over” the two closest obsacles Ci and Cj between two concave-GVG
edges (the configurations on the concave-GVG edges are denoted in dotted
aab , so
lines). This path can be deformed on to the concave-GVG edge CFijm
that this concave-GVG edge connects two concave-GVG edges.
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Fig. 14. (Left) The obstacle Ci is between two convex bodies Ra and Rb .
(Right) The robot q is over the obstacle Ci

tangent edge or another concave-GVG edge. Then, from this,
we can conclude that the concave-HGVG is connected.
V. C ONCLUSION
This paper introduces a roadmap termed the concave hierarchical generalized Voronoi graph for the multi-convex
rigid bodies operating in plane. The concave-HGVG is defined
in terms of the workspace distance measurement, and thus
can be constructed using only sensor information without
prior knowledge of environment. The concave-HGVG comprises two components: (i) the concave-GVG edges, which
are three-way equidistant structures and (ii) the one-tangent
edges, which are two-way equidistant structure with additional
constraint. In defining the one-tangent edges, we borrowed the
ideas from the convex-HGVG and extended it for the multiconvex bodies. Since for the multi-convex bodies, the robot
could be double equidistant from a single convex obstacle, in
addition to the generalization of the one-tangent edges, we
introduced another definition of the one-tangent edge, termed
dual one-tangent edges.
Like the authors’ previous roadmap works, the definition
of the concave-HGVG induces a decomposion of the free
configuration space, in which the concave-GVG edges are the
retracts of the cells, and the one-tangent edges connect the
disconnected retracts.
The next step in this line of research is to extend the
current work for two-bodies, operating in plane, that is, two
convex bodies connected by a rotational joint that can have
a joint limit. For the two-bodies, the concave-HGVG could
be defined for each fixed-value of the internal joint angle.
Specifically, some joint angles can be chosen so that the
“workspace volume” is minimized in some measure. Then, the
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[16] C. Ó’Dúnlaing, M. Sharir, and C.K. Yap. Generalized Voronoi Diagrams
for Moving a Ladder. I: Topological Analysis. Communications on Pure
and Applied Mathematics, 39:423–483, 1986.
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